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Preface

The main aim of this book is to help students learn and practice the basic procedures used to
understand ordinary differential equations. The emphasis is on becoming familiar with the
material, so the book includes relatively few applications. Proofs are provided when they are
easy to follow and contribute to an understanding of the method being explained.

Some of the worked examples are deliberately repetitive. This repetition gives readers practice
with the algebra and techniques needed to solve the problems. Readers may choose to skip
examples or homework problems once they recognize that these are essentially the same as
problems they have already understood.

Video companions and “Try the app” boxes connect the lessons to online practice. For
additional prerequisite review, see the video practice appendix.
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CHAPTER 1

Differential equations and basic
notions

This chapter reviews background concepts used throughout the book. It also introduces
differential equations and gives the first examples.

1.1 Basic notions

This section reviews real and complex numbers and some of their properties. We also review
solutions of quadratic equations, which are fundamental to several procedures developed in this
book, along with basic derivatives and antiderivatives.

1.1.1 Real numbers

The set of real numbers is denoted by R and every element in R can be viewed as:

a positive or negative sign, followed by a sequence of finitely many digits, followed by a dot, followed by a
sequence of infinitely many decimals.

The sequence of digits after the dot is called the decimal part of a number. For example the
number −2 can be viewed as −2.00 . . . , the number 5.23 can be viewed as +5.2300 . . . . Usually
when the sign in front of the number is +, this sign is omitted. With this point of view all
the numbers are not much different since they require the same effort to write. For example
𝜋 = 3.14159265 . . . and 0 = 0.00 . . . and 𝑒 = 2.718281828459045235 . . . and 1

3 = 0.33 . . . . We want
to point out that there may be two ways to write the same number. For example 5 = 5.0 . . . or
5 = 4.99 . . . . A number 𝑛 with decimal part equal to either 00 . . . or 99 . . . is called an integer or
a whole number. Many times numbers are defined by a property that they satisfy. For example,
the only positive solution of the equation 𝑥2 = 2 is denoted by

√
2, and we may say that nobody

knows the decimal part of
√

2 but there are mathematical methods to compute as many decimal
digits of

√
2 as we want. We have

√
2 = 1.414213562373095048 . . . . The number ln(3) is the only

solution of the equation 𝑒𝑥 = 3. We have ln(3) = 1.098612288668109691 . . . .

Basic Procedures in Ordinary Differential Equations 1
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1.1.2 Properties of real numbers

Here are some basic properties of exponents.
Proposition 1. Let 𝑎 and 𝑏 be positive real numbers. We have
1. 𝑎𝑛+𝑚 = 𝑎𝑛𝑎𝑚 , for any real numbers 𝑛 and 𝑚.

2. 𝑎−𝑛 = 1
𝑎𝑛 , for any real number 𝑛.

3. (𝑎𝑛)𝑚 = 𝑎𝑛𝑚 , for any real numbers 𝑛 and 𝑚.

4. (𝑎𝑏)𝑛 = 𝑎𝑛𝑏𝑛 , for any real number 𝑛.

5. 𝑚
√
𝑎𝑛 = 𝑎

𝑛
𝑚 , for any real number 𝑛 and any positive integer 𝑚.

6. e𝑛 ln(𝑏) = 𝑏𝑛 , for any real number 𝑛.

1.1.3 Derivative of a function

General video on derivatives Video↗. For any real-valued function 𝑓 (𝑡) defined on an interval
that contains 𝑡0 we define

𝑓 ′(𝑡0) =
𝑑𝑓

𝑑𝑡
(𝑡0) = lim

ℎ→0

𝑓 (𝑡0 + ℎ) − 𝑓 (𝑡0)
ℎ

provided the limit exists. As an example, if 𝑓 (𝑡) = 𝑡2 then, for any 𝑡0 we have that

𝑓 (𝑡0 + ℎ) − 𝑓 (𝑡0)
ℎ

=
(𝑡0 + ℎ)2 − 𝑡2

0
ℎ

=
2𝑡0ℎ + ℎ2

ℎ
= 2𝑡0 + ℎ

provided ℎ ≠ 0. Therefore,

𝑓 ′(𝑡0) = lim
ℎ→0

2𝑡0 + ℎ = 2𝑡0

Most of the time we avoid using the new variable 𝑡0 and we just write 𝑑𝑡2

𝑑𝑡 = 2𝑡. It is clear that
when the derivative of a function 𝑓 (𝑡) exists for every 𝑡 ∈ 𝐼, with I an interval, then 𝑓 ′(𝑡) is a
function on 𝐼. If the derivative of 𝑓 ′(𝑡) exists, then this derivative is denoted by 𝑓 ′′(𝑡) or 𝑑2 𝑓

𝑑𝑡2 (𝑡). If
the derivative of 𝑓 ′′(𝑡) exists, then this derivative is denoted by 𝑓 ′′′(𝑡) or 𝑑3 𝑓

𝑑𝑡3 (𝑡). In the same way
we define 𝑑𝑛 𝑓

𝑑𝑡𝑛 (𝑡) for any positive integer 𝑛. If 𝑓 is a function whose derivative 𝑑𝑛 𝑓

𝑑𝑡𝑛 (𝑡) exists for all
positive integers 𝑛, then this function is called a smooth function.

Usually we do not compute derivatives by computing the limit provided by the definition, but
by applying properties.
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Proposition 2.

1. If 𝑓 (𝑡) = 𝑐 is a constant function then 𝑓 ′(𝑡) = 0 for all 𝑡.

2. If 𝑐 is a constant and 𝑓 is a function, then 𝑑𝑐 𝑓

𝑑𝑡 (𝑡) = 𝑐
𝑑𝑓 (𝑡))
𝑑𝑡

3. If 𝑓 (𝑡) = 𝑡𝑛 then 𝑓 ′(𝑡) = 𝑛𝑡𝑛−1. We also write 𝑑𝑡𝑛

𝑑𝑡 = 𝑛𝑡𝑛−1.

4. 𝑑 sin(𝑡)
𝑑𝑡 = cos(𝑡), 𝑑 cos(𝑡)

𝑑𝑡 = − sin(𝑡), 𝑑e𝑡

𝑑𝑡 = e𝑡 , 𝑑 ln 𝑡
𝑑𝑡 = 1

𝑡 ,
𝑑 arctan(𝑡)

𝑑𝑡 = 1
1+𝑡2 .

5. 𝑑( 𝑓+𝑔)
𝑑𝑡 (𝑡) = 𝑑𝑓

𝑑𝑡 (𝑡) +
𝑑𝑔

𝑑𝑡 (𝑡).

6. 𝑑( 𝑓 𝑔)
𝑑𝑡 (𝑡) = 𝑑𝑓

𝑑𝑡 (𝑡) 𝑔(𝑡) +
𝑑𝑔

𝑑𝑡 (𝑡) 𝑓 (𝑡). This property is called the product rule.

7. 𝑑( 𝑓 /𝑔)
𝑑𝑡 (𝑡) =

𝑑𝑓

𝑑𝑡
(𝑡) 𝑔(𝑡)− 𝑑𝑔

𝑑𝑡
(𝑡) 𝑓 (𝑡)

𝑔2(𝑡) . This property is called the quotient rule.

8. 𝑑( 𝑓 (𝑔(𝑡))
𝑑𝑡 =

𝑑𝑓

𝑑𝑡 (𝑔(𝑡))
𝑑𝑔

𝑑𝑡 (𝑡). This property is called the chain rule.

Example 1. Similar example: Timestamp 11:18 Video↗. If 𝑓 (𝑡) = cos(3𝑡)e2𝑡 , then 𝑓 ′(𝑡) =

−3 sin(3𝑡)e2𝑡 + 2 cos(3𝑡)e2𝑡 and

𝑓 ′′(𝑡) = −9 cos(3𝑡)e2𝑡 − 6 sin(3𝑡)e2𝑡 − 6 sin(3𝑡)e2𝑡 + 4 cos(3𝑡)e2𝑡 = −5 cos(3𝑡)e2𝑡 − 12 sin(3𝑡)e2𝑡

Example 2. Similar example: Timestamp 10:20 Video↗ If 𝐴, 𝐵 and 𝐶 are constants and 𝑓 (𝑡) =
𝐴 + 𝐵𝑡 + 𝐶e−3𝑡 , then 𝑓 ′(𝑡) = 𝐵 − 3𝐶e−3𝑡 and 𝑓 ′′(𝑡) = 9𝐶e−3𝑡

More derivative practice

Watch: Basic derivatives
Watch: The chain rule
Watch: Implicit differentiation
Watch: The chain rule and the Fundamental Theorem of Calculus
The final video is an optional extension on differentiating expressions defined by integrals.

1.1.4 Antiderivatives

General video on antiderivatives Video↗. The inverse process of taking a derivative is called
antidifferentiation. To be precise we say that 𝐹(𝑡) is an antiderivative of 𝑓 (𝑡) if 𝐹′(𝑡) = 𝑓 (𝑡). Notice
that if 𝐹(𝑡) is an antiderivative of 𝑓 (𝑡) and 𝑐 is a constant, then 𝐹(𝑡) + 𝑐 is also an antiderivative.
We will write

∫
𝑓 (𝑡) 𝑑𝑡 = 𝐹(𝑡) + 𝑐 or sometimes we just write

∫
𝑓 (𝑡) 𝑑𝑡 = 𝐹(𝑡). In the same way

there are some properties that allow us to take derivatives, there are some properties that allow
us to compute some antiderivatives

Basic Procedures in Ordinary Differential Equations 3
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Proposition 3.

1. If 𝑛 ≠ −1, then
∫
𝑡𝑛 𝑑𝑡 = 𝑡𝑛+1

𝑛+1 .

2.
∫

1
𝑡 𝑑𝑡 = ln(|𝑡|)

3.
∫

cos(𝑡) 𝑑𝑡 = sin(𝑡),
∫

sin(𝑡) 𝑑𝑡 = − cos(𝑡),
∫

e𝑡 𝑑𝑡 = e𝑡 ,
∫

1
1+𝑡2 𝑑𝑡 = arctan(𝑡)

4.
∫

𝑓 (𝑢(𝑡))𝑢′(𝑡) 𝑑𝑡 = 𝐹(𝑢(𝑡)) where 𝐹(𝑢) is an antiderivative of 𝑓 (𝑢). This property is called
integration by substitution and sometimes we use it as follows: Let us assume that we
want to do the integral

∫
𝐺(𝑡) 𝑑𝑡 and we realize that we can find a function 𝑢 = 𝑢(𝑡) such

that by replacing 𝑢′(𝑡) 𝑑𝑡 with 𝑑𝑢 and 𝑢(𝑡) with 𝑢 we can change the expression
∫
𝐺(𝑡) 𝑑𝑡

into
∫

𝑓 (𝑢) 𝑑𝑢, then an antiderivative of 𝐺(𝑡) is 𝐹(𝑢(𝑡)), provided that 𝐹′(𝑢) = 𝑓 (𝑢).

5. Using the notation 𝑑𝑢 = 𝑢′(𝑡)𝑑𝑡 and 𝑑𝑣 = 𝑣′(𝑡)𝑑𝑡 , for any pair of functions 𝑢(𝑡) and 𝑣(𝑡)∫
𝑢𝑑𝑣 = 𝑢𝑣 −

∫
𝑣𝑑𝑢

This property is called integration by parts.

Let us see some examples.

Example 3. Similar example: Timestamp 5:04 Video↗. If we want to solve
∫

5
2+3𝑡 𝑑𝑡 then by

making the substitution 𝑢 = 2 + 3𝑡 we obtain that 𝑑𝑢 = 3 𝑑𝑡 and therefore∫
5

2 + 3𝑡 𝑑𝑡 =
∫

5
𝑢

𝑑𝑢

3 =
5
3

∫
𝑑𝑢

𝑢
=

5
3 ln(𝑢) = 5

3 ln(|2 + 3𝑡|)

Notice that if for some reason we know that 2+3𝑡 is positive then we write
∫

5
2+3𝑡 𝑑𝑡 =

5
3 ln(2+3𝑡)

and if for some reason we know that 2 + 3𝑡 is negative then we write
∫

5
2+3𝑡 𝑑𝑡 =

5
3 ln(−2 − 3𝑡).

Example 4. Similar example: Timestamp 9:53 Video↗. If we want to solve
∫

2
1+4𝑡2 𝑑𝑡, it would be

wrong to say that this integral is 2 ln(1 + 4𝑡2). We can solve the integral
∫

2
1+4𝑡2 𝑑𝑡 by making the

substitution 𝑢 = 2𝑡, then 𝑑𝑢 = 2 𝑑𝑡 and therefore∫
2

1 + 4𝑡2 𝑑𝑡 =

∫
𝑑𝑢

1 + 𝑢2 = arctan(𝑢) = arctan(2𝑡)

Example 5. For any 𝑎 ≠ 0, the integral
∫

e𝑎𝑡 𝑑𝑡 can be solved by making 𝑢 = 𝑎𝑡. We have that
𝑑𝑢 = 𝑎𝑑𝑡 and therefore ∫

e𝑎𝑡 𝑑𝑡 = 1
𝑎

∫
e𝑢 𝑑𝑢 =

1
𝑎

e𝑢 =
1
𝑎

e𝑎𝑡

Using the same substitution, we can show that
∫

sin(𝑎𝑡) 𝑑𝑡 = − 1
𝑎 cos(𝑎𝑡) and

∫
cos(𝑎𝑡) 𝑑𝑡 =

1
𝑎 sin(𝑎𝑡).

4 Basic Procedures in Ordinary Differential Equations
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Example 6. Timestamp 10:43 Video↗. The integral
∫
𝑡e2𝑡 𝑑𝑡 can be solved by integration by parts.

We can make 𝑢 = 𝑡 and 𝑣 = e2𝑡/2, therefore, 𝑑𝑢 = 𝑑𝑡 and 𝑑𝑣 = e2𝑡 𝑑𝑡. We have,∫
𝑡e2𝑡 𝑑𝑡 =

∫
𝑢 𝑑𝑣 = 𝑢𝑣 −

∫
𝑣 𝑑𝑢 = 𝑡

e2𝑡

2 −
∫

1
2e2𝑡 𝑑𝑡 = 𝑡

e2𝑡

2 − 1
4e2𝑡

More integration practice

Watch: Integration: substitution
Review substitution, then return to the antiderivative examples above or the separation-of-variables
method in Chapter 2.

1.1.5 Complex numbers

General video on complex numbers Video↗ and Video↗. In this subsection we review the
multiplication and addition of complex numbers. We also define e𝑧 when 𝑧 is a complex number.

Definition 1. A complex number 𝑧 is a number of the form 𝑧 = 𝑎 + 𝑖𝑏 with 𝑎 and 𝑏 real numbers.
The real number 𝑎 is called the real part of 𝑧 and it is denoted by Re[𝑧]. The real number 𝑏 is
called the imaginary part of 𝑧 and it is denoted as Im[𝑧]. We do the sum and product of two
complex numbers by treating 𝑖 as a variable and changing 𝑖2 for −1 whenever it shows up. More
precisely we have that

(𝑎 + 𝑖𝑏) + (𝑐 + 𝑖𝑑) = (𝑎 + 𝑐) + (𝑏 + 𝑑)𝑖 and (𝑎 + 𝑖𝑏)(𝑐 + 𝑑𝑖) = 𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐)

Example 7. Similar examples: timestamp 3:12 Video↗ and timestamp 3:00Video↗. We have that

(2 + 𝑖)(3 − 5𝑖) = 6 − 10𝑖 + 3𝑖 − 5𝑖2 = 6 − 7𝑖 − 5(−1) = 6 − 7𝑖 + 5 = 11 − 7𝑖

Example 8. If 𝑡 is a real number, we have that(
2 sin(𝑡) + 𝑖e𝑡

)
(3𝑡 − 5 cos(𝑡) 𝑖) = 6𝑡 sin(𝑡) − 10 sin(𝑡) cos(𝑡) 𝑖 + 3𝑡e𝑡 𝑖 + 5e𝑡 cos(𝑡)

Therefore,

Re[
(
2 sin(𝑡) + 𝑖e𝑡

)
(3𝑡 − 5 cos(𝑡) 𝑖)] = 6𝑡 sin(𝑡) + 5e𝑡 cos(𝑡)

and

Im[
(
2 sin(𝑡) + 𝑖e𝑡

)
(3𝑡 − 5 cos(𝑡) 𝑖)] = −10 sin(𝑡) cos(𝑡) + 3𝑡e𝑡

Review: completing the square

Watch: Completing the square
Watch: Complete the square (another walkthrough)
Use these additional walkthroughs to review the algebra used in solving quadratic equations.

Video explaining quadratic equations with complex and real solution : timestamp 3:09 Video↗.
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Theorem 1. If 𝑏2 − 4𝑐 < 0 then the solutions of the equation 𝜆2 + 𝑏𝜆 + 𝑐 = 0 are the two
complex numbers

𝑧1 = −𝑏

2 +
√

4𝑐 − 𝑏2

2 𝑖 and 𝑧2 = −𝑏

2 −
√

4𝑐 − 𝑏2

2 𝑖

Example 9. We have that a solution of the equation 𝜆2 + 2𝜆 + 2 = 0 is 𝑧 = − 2
2 +

√
4

2 𝑖 = −1 + 𝑖. We
can directly check this,

𝑧2 + 2𝑧 + 2 = (−1 + 𝑖)2 + 2(−1 + 𝑖) + 2 = (1 − 2𝑖 + 𝑖2) − 2 + 2𝑖 + 2 = 0

The other solution of the equation is 𝑧 = −1 − 𝑖.

Explaining definition of e𝑖𝜃: timestamp 8:55 Video↗.

Definition 2. For any real number 𝜃 we define

e𝑖𝜃 = cos𝜃 + 𝑖 sin𝜃

If 𝑎, 𝑏 and 𝑡 are real numbers, then

e𝑎𝑡+𝑖𝑏𝑡 = e𝑎𝑡 (cos(𝑏𝑡) + 𝑖 sin(𝑏𝑡))

Example 10. Let us compute the real and imaginary parts of (3 + 2𝑖)e4𝑡+5𝑡𝑖 . We have

(3 + 2𝑖)e4𝑡+5𝑡𝑖 = (3 + 2𝑖)(e4𝑡(cos(5𝑡) + 𝑖 sin(5𝑡)))
= e4𝑡 (3 cos(5𝑡) − 2 sin(5𝑡) + 𝑖(3 sin(5𝑡) + 2 cos(5𝑡)))

Therefore

Re((3 + 2𝑖)e4𝑡+5𝑡𝑖) = e4𝑡 (3 cos(5𝑡) − 2 sin(5𝑡)) and

Im((3 + 2𝑖)e4𝑡+5𝑡𝑖) = e4𝑡 (3 sin(5𝑡) + 2 cos(5𝑡))

1.2 Notion of differential equation

General video on the notion of differential equation Video↗. Let us start this section with the
definition of differential equation.
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Definition 3. An Ordinary Differential Equation, an ODE, is an equation whose solution
is a smooth function 𝑦 = 𝑦(𝑡) defined on an interval or union of intervals and, for some
𝑘 ≥ 1 the function 𝑑𝑘 𝑦

𝑑𝑡𝑘
is present in the equation. If 𝑑𝑛 𝑦

𝑑𝑡𝑛 is the highest derivative present in
the equation we call the equation an order 𝑛 ordinary differential equation.

Example 11. Similar examples: timestamp 2:17 Video↗. The equation 𝑦(𝑡) sin(𝑦(𝑡)) + cos(𝑦(𝑡)) =
2𝑡2 is not a differential equation because for any 𝑘 > 0, 𝑑𝑘 𝑦

𝑑𝑡𝑘
is not present in the equation.

Example 12. Similar examples: timestamp 4:50 Video↗. The equation (𝑡2+1) 𝑑𝑦𝑑𝑡 = 5 is a differential
equation of order 1.

Example 13. Similar examples: timestamp 4:50 Video↗. The equation 𝑑𝑦

𝑑𝑡 = 5𝑦2+2𝑦 is a differential
equation of order 1.

Example 14. The equation 𝑦
𝑑2𝑦

𝑑𝑡2 = 5𝑡 + 2 𝑑𝑦

𝑑𝑡 is a differential equation of order 2.

Definition 4. A differential equation where the independent variable of the function that
we are looking for (the variable 𝑡) is not present, is called an autonomous equation.

Notice that Example 13 is an autonomous equation while Example 12 is not autonomous.

Remark 1. When 𝑦(𝑡) represents the position of a particle that moves on a line, then 𝑑𝑦

𝑑𝑡 represents
its velocity. If we can solve for 𝑑𝑦

𝑑𝑡 and write 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑦, 𝑡) then the expression 𝑓 (𝑦, 𝑡) is called
the velocity field. If the expression 𝑓 (𝑦, 𝑡) does not depend on 𝑡 then the differential equation is
autonomous or in fluid mechanics terminology, the vector field is called a steady vector field.

In general, to solve an equation is not an easy task, even when the equation is not a differential
equation but an equation that is searching for a number. For example the equation 𝑥5+2𝑥3−𝑥+1 =

0 that searches for a real number 𝑥 is a difficult one. We would like to point out that even
though solving an equation may be difficult, checking if a value for the variable is a solution
is in general easy. For example we can say that 𝑥 = 2 is not a solution for 𝑥5 + 2𝑥3 − 𝑥 + 1 = 0
because 25 + 2 ∗ 23 − 2 + 1 ≠ 0. The same statement holds true for a differential equation. For
example, it is easy to check that the function 𝑦(𝑡) = 𝑡2 is not a solution of the differential equation
𝑑𝑦

𝑑𝑡 + 2𝑦2 = 3𝑡2 + 𝑦 because if 𝑦(𝑡) = 𝑡2, the left hand side of the equation becomes the function
2𝑡 + 2𝑡4 while the right side of the equation becomes 3𝑡2 + 𝑡2 = 4𝑡2 and we have that these two
functions are not the same.

Example 15. Timestamp 7:03 Video↗. We can check that the function 𝑦(𝑡) = 3 cos(𝑡) is not a
solution of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦 + sin(𝑡) because taking 𝑦 to be 3 cos(𝑡), the left
hand side of the equation becomes −3 sin(𝑡) while the right hand side of the equation becomes
3 cos(𝑡) + sin(𝑡) and these two functions are not the same.

Example 16. Timestamp 8:31 Video↗. We can check that the function 𝑦(𝑡) = 3e2𝑡 is a solution
of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦 + 3e2𝑡 because taking 𝑦 to be 3e2𝑡 , the left hand side of the
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equation becomes 6e2𝑡 while the right hand side of the equation becomes 3e2𝑡 + 3e2𝑡 = 6e2𝑡 .

Example 17. Timestamp 9:27 Video↗. We can check that the function 𝑦(𝑡) = 𝑡2 is a solution of the
differential equation 𝑑𝑦

𝑑𝑡 = 2 𝑦

𝑡 because taking 𝑦 to be 𝑡2, the left hand side of the equation becomes
2𝑡 while the right hand side of the equation becomes 2𝑡2

𝑡 = 2𝑡.

Example 18. Timestamp 10:39 Video↗. We can check that if 𝐴 is a constant then, no value of 𝐴
will make the function 𝑦(𝑡) = 𝐴e𝑡 a solution of the differential equation 𝑑𝑦

𝑑𝑡 = 2𝑦 + e4𝑡 because
taking 𝑦 to be 𝐴e𝑡 , the left hand side of the equation becomes 𝐴e𝑡 while the right hand side of
the equation becomes 2𝐴e𝑡 + e4𝑡 .

Example 19. Timestamp 12:19 Video↗. We can check that there is a value of 𝐴 such that the
function 𝑦(𝑡) = 𝐴e4𝑡 is a solution of the differential equation 𝑑𝑦

𝑑𝑡 = 2𝑦 + e4𝑡 because taking 𝑦 to be
𝐴e4𝑡 , the left hand side of the equation becomes 4𝐴e4𝑡 while the right hand side of the equation
becomes 2𝐴e4𝑡 + e4𝑡 = (2𝐴 + 1)e4𝑡 . Therefore taking 𝐴 = 1

2 will make the equation hold true.

Remark 2. Notice that since a differential equation is searching for a function then the equation
that needs to be verified is an equality of functions, that is, we need to check that two expressions
are the same for all values of 𝑡. This can be viewed as something good or something bad. On
one hand knowing that a function satisfies a differential equation is knowing that this function
satisfies infinitely many equations. On the other hand, if we want to find a solution of a differential
equation, essentially we need to solve a system with infinitely many equations, one for every 𝑡 in
the domain of the function. This is part of the difficulty of solving differential equations.

Example 20. Timestamp 0:47 Video↗. The equation 𝑑𝑦

𝑑𝑡 = 𝑦 is a differential equation of order 1.
We can check that the function 𝑦(𝑡) = 0 for all 𝑡 is a solution of this differential equation as well
as the function 𝑦(𝑡) = e𝑡 .

Video related to the notion of general solution Video↗.

Definition 5. Given a differential equation, we say that a collection of solutions 𝑦(𝑡 , 𝑐1 , . . . , 𝑐𝑛)
parametrized with the constants 𝑐1 , . . . , 𝑐𝑛 is a general solution of the differential equation,
if for every solution 𝑦̃ of the differential equation we can find exactly one choice of constants
𝑐1 , . . . , 𝑐𝑛 such that 𝑦̃ = 𝑦(𝑡 , 𝑐1 , . . . , 𝑐𝑛).

Notice that 𝑦 = 𝑡2 + 𝑐 is a general solution of the differential equation 𝑑𝑦

𝑑𝑡 = 2𝑡. Notice that if we
consider the solution 𝑦̃ = 𝑡2 + 5 we have that this solution corresponds with the choice 𝑐 = 5 in
the family 𝑦 = 𝑡2 + 𝑐. We also have that 𝑦 = 𝑡2 − 3𝑐 is also a general solution, for example, we can
see that 𝑦̃ = 𝑡2 + 5 is part of this family of solutions with the choice 𝑐 = − 5

3 . On the other hand
𝑦 = 𝑡2 + 𝑐1 − 𝑐2 is not a general solution of 𝑑𝑦

𝑑𝑡 = 2𝑡 because for example for the solution 𝑦̃ = 𝑡2 + 5
the choice 𝑐1 = 5 and 𝑐2 = 0 represents 𝑦̃ = 𝑡2 + 5 and also the choice 𝑐1 = 6 and 𝑐2 = 1 represents
𝑦̃ = 𝑡2 + 5. Remember that we are requesting that the choice of the 𝑐𝑖’s must be unique. Finally
𝑦 = 𝑡2 + 𝑐2 is not a general solution due to two reasons. On one hand for the solution 𝑦̃ = 𝑡2 + 5
we have two choices of 𝑐, 𝑐 =

√
5 and 𝑐 = −

√
5, that represent this particular solution. Also, for

the solution 𝑦̃ = 𝑡2 − 1, no choice of 𝑐 in the family 𝑦 = 𝑡2 + 𝑐2 represents this solution.
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Proposition 4. Timestamp 7:10 Video↗. Given a real number 𝑘, the general solution of the
differential equation 𝑑𝑦

𝑑𝑡 = 𝑘𝑦 is 𝑦(𝑡 , 𝑐) = 𝑐e𝑘𝑡

Proof. Clearly 𝑦(𝑡 , 𝑐) = 𝑐e𝑘𝑡 is a solution because 𝑦′(𝑡 , 𝑐) = 𝑘𝑐e𝑘𝑡 = 𝑘𝑦(𝑡 , 𝑐). The next step
is to show that if 𝑓 (𝑡) is a solution with 𝑓 (𝑡0) ≠ 0, then 𝑓 (𝑡) ≠ 0 for all 𝑡. Near 𝑡0 we have
that 𝑑 ln(| 𝑓 (𝑡)|)

𝑑𝑡 =
𝑓 ′(𝑡)
𝑓 (𝑡) = 𝑘 and therefore ln(| 𝑓 (𝑡)|) = 𝑘𝑡 + 𝑑 for some constant 𝑑 and therefore

| 𝑓 (𝑡)| = e𝑑e𝑘𝑡 . By continuity of 𝑓 (𝑡) either 𝑓 (𝑡) = e𝑑e𝑘𝑡 or 𝑓 (𝑡) = −e𝑑𝑒 𝑘𝑡 and therefore 𝑓 (𝑡) never
vanishes. The previous argument shows that either 𝑓 (𝑡) is identically zero or 𝑓 (𝑡) = 𝑐e𝑘𝑡 for some
𝑐 ≠ 0. By allowing 𝑐 to be any real number, including zero, we obtain that any solution of the
differential equation corresponds to one function in the collection of functions 𝑦(𝑡 , 𝑐).

1.3 Homework

1. Find the real and imaginary parts of (3−2𝑖)e4𝑡+2𝑖𝑡 . Answer: Real part: 2𝑒4𝑡 sin (2𝑡)+3𝑒4𝑡 cos (2𝑡),
imaginary part: 3𝑒4𝑡 sin (2𝑡) − 2𝑒4𝑡 cos (2𝑡)

2. Find the real and imaginary parts of (1+3𝑖)e−𝑡+2𝑖𝑡 . Answer: Real part: 𝑒−𝑡 cos (2𝑡)−3𝑒−𝑡 sin (2𝑡),
imaginary part: 𝑒−𝑡 sin (2𝑡) + 3𝑒−𝑡 cos (2𝑡)

3. Find the real and imaginary parts of (−1 + 𝑖)e−4𝑖𝑡 . Answer: Real part: sin (4𝑡) − cos (4𝑡),
imaginary part: sin (4𝑡) + cos (4𝑡)

4. Find the real and imaginary parts of (2𝑖)e2𝑡+3𝑖𝑡 .
Answer: Real part: −2𝑒2𝑡 sin (3𝑡), imaginary part: 2𝑒2𝑡 cos (3𝑡)

5. Find the solution of the equation 𝑥2 + 3𝑥 + 3 = 0.

Answer: 𝑥 = 1
2

(
−3 − 𝑖

√
3
)
, 𝑥 = 1

2

(
−3 + 𝑖

√
3
)

6. Find the solution of the equation 𝑥2 + 2𝑥 − 3 = 0.
Answer: 𝑥 = −3, 𝑥 = 1

7. Find the solution of the equation 𝑥2 + 4𝑥 + 4 = 0.
Answer: 𝑥 = −2

8. Find the solution of the equation 𝑥2 − 5𝑥 + 2 = 0.

Answer: 𝑥 = 1
2

(
5 −

√
17

)
, 𝑥 = 1

2

(√
17 + 5

)
9. Find the solution of the equation 𝑥2 − 2𝑥 + 5 = 0.

Answer: 𝑥 = 1 − 2𝑖, 𝑥 = 1 + 2𝑖

10. Find the solution of the equation 𝑥2 − 6𝑥 + 9 = 0. Answer: 𝑥 = 3

11. Check that 𝑧 = 2 + 4𝑖 is a solution of the equation 𝑥2 − 4𝑥 + 20 = 0. Hint: 𝑧2 = −12 + 16𝑖

12. Check that 𝑧 = −1 + 3𝑖 is a solution of the equation 𝑥2 + 2𝑥 + 10 = 0. Hint: 𝑧2 = −8 − 6𝑖

13. Check that 𝑧 = 2 +
√

5𝑖 is a solution of the equation 𝑥2 − 4𝑥 + 9 = 0. Hint: 𝑧2 = −1 + 4𝑖
√

5
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14. Compute the first and second derivatives of the function 𝑓 (𝑡) = 𝑒2𝑡 sin(3𝑡). Answer: 𝑑𝑓

𝑑𝑡 =

2𝑒2𝑡 sin(3𝑡) + 3𝑒2𝑡 cos(3𝑡), 𝑑2 𝑓

𝑑𝑡2 = 12𝑒2𝑡 cos(3𝑡) − 5𝑒2𝑡 sin(3𝑡).

15. Compute the first and second derivatives of the function 𝑓 (𝑡) = 3𝑒−2𝑡 sin(5𝑡) + 𝑒−2𝑡 cos(5𝑡).
Answer: 𝑑𝑓

𝑑𝑡 = 13𝑒−2𝑡 cos(5𝑡) − 11𝑒−2𝑡 sin(5𝑡), 𝑑2 𝑓

𝑑𝑡2 = −43𝑒−2𝑡 sin(5𝑡) − 81𝑒−2𝑡 cos(5𝑡).

16. Compute the first and second derivatives of the function 𝑓 (𝑡) = 3𝑒3𝑡 sin
(√

2𝑡
)
+ 𝑒3𝑡 cos

(√
2𝑡

)
.

Answer: 𝑑𝑓

𝑑𝑡 = −
√

2𝑒3𝑡 sin
(√

2𝑡
)
+ 9𝑒3𝑡 sin

(√
2𝑡

)
+ 3𝑒3𝑡 cos

(√
2𝑡

)
+ 3

√
2𝑒3𝑡 cos

(√
2𝑡

)
, 𝑑2 𝑓

𝑑𝑡2 =

−6
√

2𝑒3𝑡 sin
(√

2𝑡
)
+ 21𝑒3𝑡 sin

(√
2𝑡

)
+ 7𝑒3𝑡 cos

(√
2𝑡

)
+ 18

√
2𝑒3𝑡 cos

(√
2𝑡

)
.

17. Decide if 𝑦(𝑡) = e2𝑡 is a solution of the differential equation 𝑦′(𝑡) + e2𝑡 = 2𝑦(𝑡). Answer No,
because the left hand side is equal to 3e2𝑡 while the right hand side is 2e2𝑡 .

18. Decide if 𝑦(𝑡) = −2𝑡e2𝑡 is a solution of the differential equation 𝑦′(𝑡) + 2e2𝑡 = 2𝑦(𝑡). Answer
Yes, because the left hand side and the right hand side are equal to −4𝑡e2𝑡 .

19. Decide if 𝑦(𝑡) = −e5𝑡 is a solution of the differential equation 𝑦′(𝑡) + 4e5𝑡 = 𝑦(𝑡). Answer Yes,
because the left and the right hand sides are equal to −e5𝑡 .

20. Decide if 𝑦(𝑡) = 3 is a solution of the differential equation 𝑦′(𝑡)+3𝑦(𝑡) = 6. Answer No, because
the left hand side is equal to 𝑦′(𝑡) + 3𝑦(𝑡) = 9 while the right hand side is the constant function
6.

21. Decide if 𝑦(𝑡) = 𝑡 is a solution of the differential equation 𝑦′(𝑡) + 𝑦(𝑡) = 𝑡. Answer No, because
the left hand side is equal to 𝑦′(𝑡) + 𝑦(𝑡) = 1 + 𝑡 while the right hand side is 𝑡.

22. Find 𝑎 and 𝑏 such that 𝑦(𝑡) = 𝑎𝑡 + 𝑏 is a solution of 𝑦′(𝑡) + 2𝑦(𝑡) = 𝑡. Answer 𝑎 = 1/2 and
𝑏 = −1/4.

23. Simplify the expression e2 ln(𝑡); assume 𝑡 > 0. Answer 𝑡2.

24. Simplify the expression eln(2𝑡); assume 𝑡 > 0. Answer 2𝑡.

25. Simplify the expression e− ln(𝑡2+1). Answer 1
𝑡2+1 .

26. Simplify the expression e 1
2 ln(3𝑡4+1). Answer

√
3𝑡4 + 1.

27. Similar problem: timestamp 7:50 Video↗. Find the general solution of the differential equation
𝑑𝑦

𝑑𝑡 = 2𝑦. Answer 𝑦 = 𝑐e2𝑡

28. Find the general solution of the differential equation 𝑑𝑦

𝑑𝑡 + 3𝑦 = 0. Answer 𝑦 = 𝑐e−3𝑡

29. Find the general solution of the differential equation 2 𝑑𝑦

𝑑𝑡 + 5𝑦 = 0. Answer 𝑦 = 𝑐e− 5
2 𝑡
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CHAPTER 2

Basic analytic techniques

Most differential equations cannot be solved explicitly. This chapter introduces some classes of
differential equations for which a solution method is available.

Having introduced general solutions, we now turn to initial value problems. Video explaining
what an initial value problem is Video↗.

Definition 6. Given a differential equation of order 𝑛, an initial value problem searches
for a function that satisfies the differential equation as well as 𝑛 conditions of the form
𝑦(𝑡0) = 𝑦0 , . . . ,

𝑑𝑛−1𝑦

𝑑𝑡𝑛−1 (𝑡0) = 𝑦𝑛−1.

Example 21. Timestamp: 2:27 and 6:01 Video↗. The solution of the initial value problem 𝑑𝑦

𝑑𝑡 = 2𝑡,
𝑦(3) = 4 is 𝑦(𝑡) = 𝑡2 − 5 .

Example 22. Timestamp: 3:02 and 7:17 Video↗. The solution of the initial value problem
𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 0, 𝑦(0) = 1, 𝑦′(0) = 2 is the function 𝑦(𝑡) = cos(2𝑡) + sin(2𝑡) .

Given the general solution 𝑦(𝑡 , 𝑐1 , . . . , 𝑐𝑛) we can use the conditions of the initial value
problem to find the right constants 𝑐1 , . . . , 𝑐𝑛 that give us the solution of the initial value
problem.

2.1 Differential equations of the form 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑡)

Timestamp: 9:34 Video↗. In this section we emphasize that finding antiderivatives gives particular
examples of solving differential equations. We have,

Proposition 5. The general solution of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑡) is 𝑦(𝑡) = 𝐹(𝑡) + 𝑐

where 𝐹(𝑡) is an antiderivative of 𝑓 (𝑡).

Example 23. Timestamp: 10:42 Video↗. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 =
√
𝑡, 𝑦(1) = 3.

We have that ∫ √
𝑡 𝑑𝑡 =

∫
𝑡1/2 𝑑𝑡 =

2
3 𝑡

3/2
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Therefore the general solution of the differential equation is 𝑦(𝑡) = 2
3 𝑡

3/2 + 𝑐. Now, the initial
condition 𝑦(1) = 3 reduces to the equation 2

313/2 + 𝑐 = 2
3 + 𝑐 = 3. Therefore 𝑐 = 3 − 2

3 = 7
3 and the

solution of the initial value problem is 𝑦(𝑡) = 2
3 𝑡

3/2 + 7
3 .

Example 24. Timestamp: 13:12 Video↗. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = − 6
𝑡2 , 𝑦(2) = 1.

We have that ∫ −6
𝑡2 𝑑𝑡 =

∫
−6𝑡−2 𝑑𝑡 = 6𝑡−1 =

6
𝑡

Therefore the general solution of the differential equation is 𝑦(𝑡) = 6
𝑡 + 𝑐. Now, the initial

condition 𝑦(2) = 1 reduces to the equation 6
2 + 𝑐 = 3+ 𝑐 = 1. Therefore 𝑐 = −2 and the solution of

the initial value problem is 𝑦(𝑡) = 6
𝑡
− 2 .

Example 25. Timestamp: 15:10 Video↗. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = 2
1+𝑡2 , 𝑦(0) = 0.

We have that ∫
2

1 + 𝑡2 𝑑𝑡 = 2 arctan(𝑡)

Therefore the general solution of the differential equation is 𝑦(𝑡) = 2 arctan(𝑡) + 𝑐. Now, the
initial condition 𝑦(0) = 0 reduces to the equation 2 arctan(0) + 𝑐 = 0. Therefore 𝑐 = 0 and the
solution of the initial value problem is 𝑦(𝑡) = 2 arctan(𝑡) .

2.2 Equilibrium Solutions

Explaining equilibrium solution: timestamp: 16:55 Video↗. Some differential equations have
some solutions of the form 𝑦(𝑡) = 𝐴 where 𝐴 is a constant. These types of solutions are called
equilibrium solutions, and when they exist, they play an important role in the understanding of
other solutions of the differential equation.

To find out if a differential equation has equilibrium solutions we just check if 𝑦(𝑡) = 𝐴

solves the equation for any value or values of 𝐴. Notice that since 𝐴 is constant then 𝑑𝑦

𝑑𝑡 as
well as all the higher derivatives of 𝑦 are the zero function.

Therefore the problem reduces to that of solving an algebraic equation for the variable 𝐴, with
𝐴 a real number. When 𝑦(𝑡) = 𝐴 is an equilibrium solution we say that 𝐴 is an equilibrium
point.

Example 26. Timestamp: 17:55 Video↗. To find the equilibrium solutions of the differential
equation 𝑑𝑦

𝑑𝑡 = 𝑦2 − 3𝑦 + 2 we replace 𝑦(𝑡) = 𝐴 to obtain the equation 0 = 𝐴2 − 3𝐴 + 2 =

(𝐴 − 1)(𝐴 − 2) = 0. Therefore, this differential equation has two equilibrium solutions 𝑦(𝑡) = 1

and 𝑦(𝑡) = 2 .
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Example 27. Timestamp: 19:29 Video↗. The differential equation 𝑑𝑦

𝑑𝑡 = 𝑦 + 𝑡 does not have
equilibrium solutions because when we replace 𝑦(𝑡) = 𝐴 we obtain the equation 0 = 𝐴 + 𝑡 which
does not have a solution. Notice that we are assuming that 𝐴 is constant and therefore the answer
𝐴 = −𝑡 is not a valid answer. Recall that we already have used that 𝐴 is constant when we
replaced 𝑑𝑦

𝑑𝑡 with zero.

Example 28. Timestamp: 20:32 Video↗. Replacing 𝑦(𝑡) = 𝐴 into the differential equation
𝑑𝑦

𝑑𝑡 = 𝑡(𝑦 − 2) we obtain that 0 = 𝑡(𝐴 − 2). This equation holds true for every t if 𝐴 = 2. Therefore
𝑦(𝑡) = 2 is an equilibrium solution.

2.3 Separation of variables

Video on separation of variables Video↗. This method is an application of the chain rule.

Proposition 6. If 𝐺(𝑢) is an antiderivative of 𝑔(𝑢) and 𝐹(𝑡) is an antiderivative of 𝑓 (𝑡) then
the general solution of the differential equation 𝑔(𝑦) 𝑑𝑦𝑑𝑡 = 𝑓 (𝑡) is the collection of functions
𝑦(𝑡) found by solving for 𝑦(𝑡) from the equations 𝐺(𝑦(𝑡)) = 𝐹(𝑡) + 𝑐.

Proof. The proof follows from the fact that the differential equation tells us the derivative of the
function

𝐺(𝑦(𝑡)) − 𝐹(𝑡)

is zero and therefore this function must be a constant 𝑐.

Remark 3. This method is called separation of variables because if we pretend that 𝑑𝑦

𝑑𝑡 is
the quotient of 𝑑𝑦 with 𝑑𝑡 then the differential equation 𝑔(𝑦) 𝑑𝑦𝑑𝑡 = 𝑓 (𝑡) can be written as
𝑔(𝑦)𝑑𝑦 = 𝑓 (𝑡)𝑑𝑡. That is, the differential equation can be written as an expression with no 𝑡

or 𝑑𝑡 on one side, and an expression with no 𝑦 or 𝑑𝑦 on the other side of the equation.

Example 29. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = 2𝑡𝑦 with 𝑦(0) = 2. We have that the
differential equation can be written as

1
𝑦
𝑑𝑦 = 2𝑡 𝑑𝑡 (2.1)

Therefore we need to find the antiderivative of 1
𝑦 and the antiderivative of 2𝑡. (In this case

𝑔(𝑢) = 1
𝑢 and 𝑓 (𝑡) = 2𝑡.) We can skip this reasoning and just say that we integrate both parts of

Equation (2.1). We obtain that ln |𝑦| = 𝑡2 + 𝑐 and therefore |𝑦| = e𝑐e𝑡2 or equivalently 𝑦 = ±e𝑐e𝑡2 .
Since 𝑦(𝑡) = 0 is an equilibrium solution and ±e𝑐 can be any nonzero real number, we get that the
general solution of the differential equation is 𝑦 = 𝑐1e𝑡2 . Using the initial condition we obtain

that 𝑦(0) = 2 = 𝑐1e0 = 𝑐1. Therefore the solution of the initial value problem is 𝑦(𝑡) = 2e𝑡2 .
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Example 30. Timestamp 5:25 Video↗. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = 2 − 3𝑦 with
𝑦(0) = −1. We have that the differential equation can be written as

1
2 − 3𝑦 𝑑𝑦 = 𝑑𝑡 (2.2)

We obtain that− 1
3 𝑙𝑛|2−3𝑦| = 𝑡+𝑐 and therefore |2−3𝑦| = e𝑐e−3𝑡 or equivalently 2−3𝑦 = ±e𝑐e−3𝑡 .

Since 𝑦(𝑡) = 2/3 is an equilibrium solution and ±e𝑐 can be any nonzero real number we get that
the general solution of the differential equation is 𝑦 = 2

3 + 𝑐1e−3𝑡 . Using the initial condition we
obtain that 𝑦(0) = −1 = 2

3 + 𝑐1, this is 𝑐1 = − 5
3 . Therefore the solution of the initial value problem

is 𝑦(𝑡) = 2
3 − 5

3e−3𝑡 .

Example 31. Similar example: timestamp 12:14 Video↗. Let us solve the initial value problem
𝑑𝑦

𝑑𝑡 = 2𝑡+1
𝑦 with 𝑦(1) = −2. We have that the differential equation can be written as

𝑦𝑑𝑦 = (2𝑡 + 1) 𝑑𝑡 (2.3)

We obtain that 𝑦2

2 = 𝑡2 + 𝑡 + 𝑐. This time it is more convenient to find the constant before
solving for 𝑦. Replacing 𝑦(1) = −2 we obtain the equation (−2)2

2 = 1 + 1 + 𝑐 and therefore 𝑐 = 0.
Solving for 𝑦 we obtain that 𝑦(𝑡) = ±

√
2𝑡2 + 2𝑡. We need to decide if we need the plus or the

minus; we do this by looking again at the initial condition. The solution of the initial value

problem is 𝑦(𝑡) = −
√

2𝑡2 + 2𝑡 .

Example 32. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = e𝑡

2𝑦+1 with 𝑦(0) = −4. We have that the
differential equation can be written as

(2𝑦 + 1) 𝑑𝑦 = e𝑡 𝑑𝑡 (2.4)

We obtain that 𝑦2 + 𝑦 = e𝑡 + 𝑐. Replacing 𝑦(0) = −4 we obtain the equation (−4)2 + (−4) = 1+ 𝑐

and therefore 𝑐 = 11. In order to solve for 𝑦 we set up the equation equal to zero and we use the
quadratic formula. We obtain that

𝑦 =
−1 ±

√
1 − 4(−e𝑡 − 11)

2 =
−1 ±

√
45 + 4e𝑡
2

Since we want 𝑦(0) = −4 then the solution of the initial value problem is 𝑦(𝑡) = −1 −
√

45 + 4e𝑡
2 .

Example 33. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 = −2𝑦2𝑡 + 4𝑦2 with 𝑦(1) = 2. We have that
the differential equation can be written as

1
𝑦2 𝑑𝑦 = (−2𝑡 + 4) 𝑑𝑡 (2.5)
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We obtain that − 1
𝑦 = −𝑡2 + 4𝑡 + 𝑐. Replacing 𝑦(1) = 2 we obtain the equation − 1

2 = −1 + 4 + 𝑐

and therefore 𝑐 = − 7
2 . We now solve for 𝑦

− 1
𝑦
= −𝑡2 + 4𝑡 − 7

2 or equivalently − 1
−𝑡2 + 4𝑡 − 7

2
= 𝑦

therefore, the solution of the initial value problem is 𝑦(𝑡) = 1
𝑡2 − 4𝑡 + 7

2
.

Example 34. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 =
𝑦𝑡

1+𝑡2 with 𝑦(0) = 1. We have that the
differential equation can be written as

1
𝑦
𝑑𝑦 =

𝑡

1 + 𝑡2 𝑑𝑡 (2.6)

We obtain that ln |𝑦| = 1
2 ln(1+ 𝑡2) + 𝑐. In order to solve the integral

∫
𝑡

1+𝑡2 𝑑𝑡 we have used the
substitution 𝑢 = 1 + 𝑡2, then 𝑑𝑢 = 2𝑡 𝑑𝑡 and therefore

∫
𝑡

1+𝑡2 𝑑𝑡 =
1
2

∫
1
𝑢 𝑑𝑢. From the equation

ln |𝑦| = 1
2 ln(1 + 𝑡2) + 𝑐 we obtain that

|𝑦| = e𝑐e
1
2 ln(1+𝑡2) = e𝑐(eln(1+𝑡2)) 1

2 = e𝑐(1 + 𝑡2) 1
2 = e𝑐

√
1 + 𝑡2

and then 𝑦 = ± e𝑐
√

1 + 𝑡2. Since 𝑦 = 0 is a solution and ±𝑒 𝑐 can be any nonzero number, then
we obtain that the general solution is 𝑦 = 𝑐1

√
1 + 𝑡2. Replacing 𝑦(0) = 1 we obtain that 𝑐1 = 1.

Therefore, the solution of the initial value problem is 𝑦(𝑡) =
√

1 + 𝑡2 .

Another worked example

Separation of variables: solving for the unknown function
Watch an additional example in which a quadratic equation is used to obtain an explicit solution.

Optional application: motion on a ramp

Watch: Constant speed ramps
Explore ramps on which a block moves at constant speed under gravity and friction. The separation-
of-variables step is discussed around 2:20. The later spatial geometry is an optional extension beyond
the methods developed here.

2.4 Homework

Solve the following initial value problems.

1. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = 𝑦2 − 𝑡, Answer: None

2. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = 𝑡(𝑦2 − 4), Answer: 𝑦 = 2 and 𝑦 = −2

3. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = (𝑦2 − 4𝑦 + 4), Answer: 𝑦 = 2
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4. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = 𝑦(𝑦2 − 2𝑦 − 3), Answer: 𝑦 = 0, 𝑦 = −1 and 𝑦 = 3

5. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = (𝑦 − 2)(𝑦2 − 5𝑦 + 20), Answer: 𝑦 = 2

6. Find the equilibrium solutions, if any: 𝑑𝑦

𝑑𝑡 = (𝑦−2)(𝑦2−5𝑦−3), Answer: 𝑦 = 2, 𝑦 = 1
2

(
5 −

√
37

)
and 𝑦 = 1

2

(√
37 + 5

)
7. Find the general solution of 𝑑𝑦

𝑑𝑡 = 3, Answer: 𝑦 = 3𝑡 + 𝑐

8. Find the general solution of 𝑑𝑦

𝑑𝑡 = 5
2+3𝑡 , Answer: 𝑦 = 5

3 ln |2 + 3𝑡| + 𝑐

9. Find the general solution of 𝑑𝑦

𝑑𝑡 = 2
1+4𝑡2 , Answer: 𝑦 = arctan(2𝑡) + 𝑐

10. Find the general solution of 𝑑𝑦

𝑑𝑡 = 2
(𝑡+3)(𝑡+5) , Answer: 𝑦 = ln(3 + 𝑡) − ln(𝑡 + 5) + 𝑐

11. 𝑑𝑦

𝑑𝑡 = 𝑦2(sin(𝑡) + e2𝑡), 𝑦(0) = 1. Answer 𝑦 = − 2
𝑒2𝑡−2 cos(𝑡)−1 .

Watch the worked solution↗

12. 𝑑𝑦

𝑑𝑡 = 𝑦(4𝑡 + 1), 𝑦(1) = −2. Answer 𝑦 = −2𝑒2𝑡2+𝑡−3.

13. 𝑑𝑦

𝑑𝑡 = 𝑦𝑡, 𝑦(0) = −5. Answer 𝑦 = −5𝑒 𝑡2
2 .

14. 𝑑𝑦

𝑑𝑡 = 𝑦3 cos(𝑡), 𝑦(0) = −3. Answer 𝑦 = − 3√
1−18 sin(𝑡)

.

Watch the worked solution↗

15. 𝑑𝑦

𝑑𝑡 = 3𝑦 + 2, 𝑦(0) = −2. Answer 𝑦 = −4𝑒3𝑡

3 − 2
3 .

16. 𝑑𝑦

𝑑𝑡 = 2 − 5𝑦, 𝑦(0) = 1. Answer 𝑦 = 3𝑒−5𝑡

5 + 2
5 .

17. 𝑑𝑦

𝑑𝑡 = 4𝑦2𝑡, 𝑦(1) = 2. Answer 𝑦 = − 2
4𝑡2−5 .

18. 𝑑𝑦

𝑑𝑡 = 4𝑡+2
2𝑦+1 , 𝑦(1) = −3. Answer 𝑦 = − 1

2

√
8𝑡2 + 8𝑡 + 9 − 1

2 .

19. 𝑑𝑦

𝑑𝑡 =
sin(𝑡)
2𝑦+3 , 𝑦(0) = 0. Answer 𝑦 = 1

2

√
13 − 4 cos(𝑡) − 3

2 .

20. 𝑑𝑦

𝑑𝑡 = 3𝑡2

𝑦(𝑡3+1) , 𝑦(0) = 6. Answer 𝑦 =
√

2
√

ln (𝑡3 + 1) + 18.

21. 𝑑𝑦

𝑑𝑡 =
2𝑦𝑡
𝑡2+1 , 𝑦(0) = −3. Answer 𝑦 = −3𝑡2 − 3.

22. 𝑑𝑦

𝑑𝑡 =
𝑦𝑡

𝑡2+1 , 𝑦(0) = −3. Answer 𝑦 = −3
√
𝑡2 + 1.
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23. 𝑑𝑦

𝑑𝑡 = (𝑦2 + 1), 𝑦(0) = 0. Answer 𝑦 = tan(𝑡).

24. 𝑑𝑦

𝑑𝑡 = (𝑦2 + 1)2𝑡, 𝑦(0) = 0. Answer 𝑦 = tan
(
𝑡2) .
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CHAPTER 3

First-order linear equations

General video on linear equations Video↗. Let us start with the definition of a linear differential
equation of order one.

Definition 7. A linear equation of order one is a differential equation that can be written as

𝑑𝑦

𝑑𝑡
+ 𝑔(𝑡)𝑦 = 𝑏(𝑡) (3.1)

If 𝑏(𝑡) is zero we say that the linear equation is a homogeneous equation. When 𝑏(𝑡) is
not zero we say that the linear equation is nonhomogeneous. We say that

𝑑𝑦

𝑑𝑡
+ 𝑔(𝑡)𝑦 = 0

is the homogeneous equation associated with
𝑑𝑦

𝑑𝑡
+ 𝑔(𝑡)𝑦 = 𝑏(𝑡)

Explaining homogeneous and nonhomogeneous: timestamp 4:20 Video↗.

Example 35. The differential equation (2𝑡2 + 7) 𝑑𝑦𝑑𝑡 + 2𝑦 = sin(𝑡) is linear. Notice that after dividing
the equation by 2𝑡2 + 7, the equation can be written 𝑑𝑦

𝑑𝑡 + 2
2𝑡2+7 𝑦 =

sin(𝑡)
2𝑡2+7 which has the form given

in the definition with 𝑔(𝑡) = 2
2𝑡2+7 and 𝑏(𝑡) = sin(𝑡)

2𝑡2+7

Example 36. The differential equation 𝑦
𝑑𝑦

𝑑𝑡 = sin(𝑡) is not linear; neither is the equation 𝑑𝑦

𝑑𝑡 +sin(𝑦) =
4.

The following theorem will be useful for finding the general solution of a linear differential
equation. For the following theorem: timestamp 8:03 Video↗.

Theorem 2. If 𝑦𝑝(𝑡) is a solution of 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 𝑏(𝑡), and 𝑦𝐻(𝑡 , 𝑐) is the general solution of
𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 0, then the general solution of 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 𝑏(𝑡) is 𝑦(𝑡 , 𝑐) = 𝑦𝑝(𝑡) + 𝑦𝐻(𝑡 , 𝑐).

Proof. Let us first check that for any 𝑐, 𝑦 = 𝑦𝑝(𝑡)+ 𝑦𝐻(𝑡 , 𝑐) solves the nonhomogeneous differential
equation. We have that

𝑑𝑦

𝑑𝑡
+ 𝑔(𝑡)𝑦 =

𝑑𝑦𝑝

𝑑𝑡
+ 𝑑𝑦𝐻

𝑑𝑡
+ 𝑔(𝑡)(𝑦𝑝 + 𝑦𝐻) =

𝑑𝑦𝑝

𝑑𝑡
+ 𝑔(𝑡)𝑦𝑝 +

𝑑𝑦𝐻

𝑑𝑡
+ 𝑔(𝑡)𝑦𝐻 = 𝑏(𝑡)
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On the other hand if 𝑦(𝑡) is a solution of 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 𝑏(𝑡), it is easy to check that 𝑦(𝑡)− 𝑦𝑝(𝑡) is a
solution of 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 0. Therefore, for some 𝑐, 𝑦(𝑡) − 𝑦𝑝(𝑡) = 𝑦𝐻(𝑡 , 𝑐) and 𝑦(𝑡) = 𝑦𝑝(𝑡) + 𝑦𝐻(𝑡 , 𝑐).

Example 37. Timestamp 10:13 Video↗. We can easily check that 𝑦𝑝(𝑡) = 3 is a solution of
the equation 𝑑𝑦

𝑑𝑡 = 2𝑦 − 6 because 𝑦 = 3 is an equilibrium solution. We also have that the
general solution of 𝑑𝑦

𝑑𝑡 = 2𝑦 is 𝑦𝐻(𝑡 , 𝑐) = 𝑐e2𝑡 . Therefore the general solution of 𝑑𝑦

𝑑𝑡 = 2𝑦 − 6 is
𝑦(𝑡 , 𝑐) = 3 + 𝑐e2𝑡 .

3.1 The guessing technique

Try the app

Explore a first-order linear initial-value problem
Try the supported constant-coefficient examples, then compare the app’s solution with your own
calculation.

When 𝑔(𝑡) is constant the solution of the homogeneous equation is easy to find; it has the
form 𝑦𝐻(𝑡 , 𝑐) = 𝑐e𝑘𝑡 . For the particular solution we look for 𝑦𝑝(𝑡) according to 𝑏(𝑡). We
have:

1. If 𝑏(𝑡) = 𝑐 sin(𝑘𝑡) or 𝑏(𝑡) = 𝑐 cos(𝑘𝑡) or 𝑏(𝑡) = 𝑐1 sin(𝑘𝑡) + 𝑐2 cos(𝑘𝑡), then we look for
𝑦𝑝(𝑡) = 𝐴 cos(𝑘𝑡) + 𝐵 sin(𝑘𝑡). Notice that even if 𝑏(𝑡) is just 3 sin(2𝑡) we have to make
𝑦𝑝(𝑡) = 𝐴 cos(2𝑡) + 𝐵 sin(2𝑡).

2. If 𝑏(𝑡) is a polynomial of order 𝑛, then we look for 𝑦𝑝(𝑡) = 𝐴0 + · · · + 𝐴𝑛𝑡
𝑛 . Notice that,

even if 𝑏(𝑡) = 4𝑡3 we still need to try 𝑦𝑝(𝑡) = 𝐴 + 𝐵𝑡 + 𝐶𝑡2 + 𝐷𝑡3.

3. If 𝑏(𝑡) = 𝑑e𝑘𝑡 we look for 𝑦𝑝(𝑡) = 𝐴e𝑘𝑡 unless the solution of the homogeneous is
𝑦𝐻(𝑡 , 𝑐) = 𝑐e𝑘𝑡 , in this case, we look for 𝑦𝑝(𝑡) = 𝐴𝑡e𝑘𝑡 . This choice for 𝑦𝑝(𝑡) is called the
second guess.

Example 38. Video↗. Let us find the general solution of 𝑑𝑦

𝑑𝑡 = 3𝑦 + 4e2𝑡 . Here the associated
homogeneous equation is 𝑑𝑦

𝑑𝑡 = 3𝑦 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e3𝑡 . We look for the particular
solution of the form 𝑦𝑝(𝑡) = 𝐴e2𝑡 . The unknown 𝐴 must satisfy

2𝐴e2𝑡 = 3(𝐴e2𝑡) + 4e2𝑡 or equivalently 0 = (𝐴 + 4)e2𝑡

Therefore 𝐴 = −4 and 𝑦𝑝(𝑡) = −4e2𝑡 is a particular solution and the general solution of
𝑑𝑦

𝑑𝑡 = 3𝑦 + 4e2𝑡 is 𝑦(𝑡 , 𝑐) = −4e2𝑡 + 𝑐e3𝑡 .

Example 39. Video↗. Let us find the general solution of 𝑑𝑦

𝑑𝑡 = 3𝑦 + 4e3𝑡 . Here the associated
homogeneous equation is 𝑑𝑦

𝑑𝑡 = 3𝑦 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e3𝑡 . Our first guess is to look for the
particular solution of the form 𝑦𝑝(𝑡) = 𝐴e3𝑡 , but since 𝑦𝐻(𝑡 , 𝑐) = 𝑐e3𝑡 , then we need to use the
second guess and try to find 𝐴 such that 𝑦𝑝(𝑡) = 𝐴𝑡e3𝑡 . The unknown 𝐴 must satisfy
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𝐴e3𝑡 + 3𝐴𝑡e3𝑡 = 3(𝐴𝑡e3𝑡) + 4e3𝑡 or equivalently (𝐴 − 4)e3𝑡 = 0 (3.2)

Therefore 𝐴 = 4 and 𝑦𝑝(𝑡) = 4𝑡e3𝑡 is a particular solution and the general solution of
𝑑𝑦

𝑑𝑡 = 3𝑦 + 4e3𝑡 is 𝑦(𝑡 , 𝑐) = 4𝑡e3𝑡 + 𝑐e3𝑡 . Notice that in Equation (3.2) the terms that contain 𝐴𝑡e3𝑡

cancel out. This always happens when we are using a second guess.

Example 40. Let us find the general solution of 𝑑𝑦

𝑑𝑡 + 𝑦 = 𝑡+4e𝑡 . Here the associated homogeneous
equation is 𝑑𝑦

𝑑𝑡 = −𝑦 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e−𝑡 . We look for the particular solution of the form
𝑦𝑝(𝑡) = 𝐴e𝑡 + 𝐵𝑡 + 𝐶. The unknowns 𝐴, 𝐵 and 𝐶 must satisfy

𝐴e𝑡 + 𝐵 + (𝐴e𝑡 + 𝐵𝑡 + 𝐶) = 𝑡 + 4e𝑡 or equivalently (2𝐴 − 4)e𝑡 + (𝐵 − 1)𝑡 + 𝐵 + 𝐶 = 0

The equation above holds true if 𝐴− 2 = 0, 𝐵− 1 = 0 and 𝐵+𝐶 = 0. Therefore 𝐴 = 2, 𝐵 = 1 and
𝐶 = −1, and 𝑦𝑝(𝑡) = 2e𝑡 + 𝑡 − 1 is a particular solution and the general solution of 𝑑𝑦

𝑑𝑡 + 𝑦 = 𝑡 + 4e𝑡

is 𝑦(𝑡 , 𝑐) = 2e𝑡 + 𝑡 − 1 + 𝑐e−𝑡 .

Example 41. Video↗. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 − 2𝑦 = 3 sin 2𝑡, 𝑦(0) = 2. Here
the associated homogeneous equation is 𝑑𝑦

𝑑𝑡 = 2𝑦 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e2𝑡 . We look for the
particular solution of the form 𝑦𝑝(𝑡) = 𝐴 sin 2𝑡 + 𝐵 cos 2𝑡. The unknowns 𝐴 and 𝐵 must satisfy

2𝐴 cos 2𝑡 − 2𝐵 sin 2𝑡 − 2(𝐴 sin 2𝑡 + 𝐵 cos 2𝑡) = 3 sin 2𝑡 or equivalently

(2𝐴 − 2𝐵) cos 2𝑡 + (−2𝐴 − 2𝐵 − 3) sin 2𝑡 = 0

The equation above holds true if 2𝐴 − 2𝐵 = 0 and −2𝐴 − 2𝐵 − 3 = 0. Therefore 𝐴 = − 3
4

and 𝐵 = − 3
4 and 𝑦𝑝(𝑡) = − 3

4 sin 2𝑡 − 3
4 cos 2𝑡 is a particular solution and the general solution is

𝑦(𝑡 , 𝑐) = −3
4 sin 2𝑡 − 3

4 cos 2𝑡 + 𝑐e2𝑡 . Since we want 𝑦(0) = 2, then −3
4 + 𝑐 = 2 and 𝑐 = 11

4 . Then the

solution of the initial value problem is 𝑦(𝑡) = 11
4 e2𝑡 − 3

4 sin 2𝑡 − 3
4 cos 2𝑡

Example 42. Let us find the general solution of 𝑑𝑦

𝑑𝑡 − 2𝑦 = 3𝑡2. Here the associated homogeneous
equation is 𝑑𝑦

𝑑𝑡 = 2𝑦 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e2𝑡 . We look for the particular solution of the form
𝑦𝑝(𝑡) = 𝐴 + 𝐵𝑡 + 𝐶𝑡2. The unknowns 𝐴, 𝐵 and 𝐶 must satisfy

𝐵 + 2𝐶𝑡 − 2(𝐴 + 𝐵𝑡 + 𝐶𝑡2) = 3𝑡2

or equivalently

(𝐵 − 2𝐴) + (2𝐶 − 2𝐵)𝑡 + (−2𝐶 − 3)𝑡2 = 0
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The equation above holds true if 𝐵 − 2𝐴 = 0, 2𝐶 − 2𝐵 = 0 and −2𝐶 − 3 = 0. Therefore 𝐶 = −3
2 ,

𝐵 = − 3
2 and 𝐴 = − 3

4 . Therefore 𝑦𝑝(𝑡) = − 3
4 − 3

2 𝑡 − 3
2 𝑡

2 is a particular solution and the general

solution is 𝑦(𝑡 , 𝑐) = 𝑐e2𝑡 − 3
4 − 3

2 𝑡 −
3
2 𝑡

2 .

Example 43. Let us solve the initial value problem 𝑑𝑦

𝑑𝑡 + 2𝑦 = 4e−2𝑡 + 𝑡 − 3 cos(2𝑡) with 𝑦(0) = 10.
Here the associated homogeneous equation is 𝑑𝑦

𝑑𝑡 + 2𝑦 = 0 and therefore 𝑦𝐻(𝑡 , 𝑐) = 𝑐e−2𝑡 . Our
first guess for a particular solution has the form 𝑦𝑝(𝑡) = 𝐴 + 𝐵𝑡 + 𝐷e−2𝑡 + 𝐸 cos(2𝑡) + 𝐹 sin(2𝑡).
We notice that the part 𝐷e−2𝑡 is a multiple of the solution of the homogeneous. Therefore this
part needs to be replaced by the second guess. We therefore try the function

𝑦𝑝(𝑡) = 𝐴 + 𝐵𝑡 + 𝐷𝑡e−2𝑡 + 𝐸 cos(2𝑡) + 𝐹 sin(2𝑡)

Replacing this function in the differential equation we get that

(𝐵 + 𝐷e−2𝑡 − 2𝐷𝑡e−2𝑡 − 2𝐸 sin(2𝑡) + 2𝐹 cos(2𝑡)) + 2(𝐴 + 𝐵𝑡 + 𝐷𝑡e−2𝑡 + 𝐸 cos(2𝑡) + 𝐹 sin(2𝑡))

must be equal to

4e−2𝑡 + 𝑡 − 3 cos(2𝑡)

Simplifying, we get that the following expression must vanish

𝐵 + 2𝐴 + 2𝐵𝑡 + 𝐷e−2𝑡 + (2𝐹 − 2𝐸) sin(2𝑡) + (2𝐸 + 2𝐹) cos(2𝑡) = 4e−2𝑡 + 𝑡 − 3 cos(2𝑡) ,

Therefore, the unknowns 𝐴, 𝐵, 𝐷, 𝐸 and 𝐹 must satisfy

𝐵 + 2𝐴 = 0, 2𝐵 = 1, 𝐷 = 4, 2𝐹 − 2𝐸 = 0, 𝑎𝑛𝑑 2𝐸 + 2𝐹 = −3

The solution of the system is 𝐵 = 1/2, 𝐷 = 4, 𝐴 = −1/4, 𝐹 = −3/4 and 𝐸 = −3/4. Therefore the
general solution is

𝑦 = 𝑦𝐻 + 𝑦𝑝 = 𝑐e−2𝑡 − 1/4 + 1/2𝑡 + 4𝑡e−2𝑡 − 3/4 cos(2𝑡) − 3/4 sin(2𝑡)

Now we use the initial condition 𝑦(0) = 10 to find 𝑐. We have that 𝑦(0) = 𝑐 − 1/4 − 3/4 = 10.
Therefore 𝑐 = 11 and the solution of the initial value problem is

𝑦(𝑡) = 11e−2𝑡 − 1/4 + 1/2𝑡 + 4𝑡e−2𝑡 − 3/4 cos(2𝑡) − 3/4 sin(2𝑡) .

3.2 The general case: integrating factors

Let us start by pointing out that 𝑑e𝑡2

𝑑𝑡 = 2𝑡e𝑡2 , 𝑑esin 𝑡

𝑑𝑡 = (cos 𝑡)esin 𝑡 and in general 𝑑e𝑢(𝑡)
𝑑𝑡 = 𝑢′(𝑡)e𝑢(𝑡).

The previous observation is the key step of the following theorem.
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Theorem 3. If 𝐺′(𝑡) = 𝑔(𝑡) and 𝐵′(𝑡) = e𝐺(𝑡) 𝑓 (𝑡), then the general solution of the differential
equation 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 𝑏(𝑡) is 𝑦(𝑡 , 𝑐) = e−𝐺(𝑡) (𝐵(𝑡) + 𝑐).

Proof. By multiplying the equation 𝑑𝑦

𝑑𝑡 + 𝑔(𝑡)𝑦 = 𝑏(𝑡) by e𝐺(𝑡) we obtain that

e𝐺(𝑡) 𝑑𝑦

𝑑𝑡
+ 𝑔(𝑡)e𝐺(𝑡)𝑦 = e𝐺(𝑡)𝑏(𝑡) (3.3)

The left hand side of Equation (3.3) is the derivative of e𝐺(𝑡)𝑦(𝑡) while the right hand side is
the derivative of 𝐵(𝑡). Therefore the function e𝐺(𝑡)𝑦(𝑡) − 𝐵(𝑡) is constant and the result follows.

Remark 4. According to the previous theorem these are the steps that we need to do to
solve a linear differential equation.

1. Rewrite the linear equation if needed so that we identify 𝑔(𝑡) and 𝑏(𝑡).

2. Find an antiderivative of 𝑔(𝑡) and call it 𝐺(𝑡)

3. Compute 𝜇(𝑡) = e𝐺(𝑡). Make sure to simplify if possible. Recall the property e𝑎 ln(𝑏) = 𝑏𝑎 .
The function 𝜇 is called the integrating factor.

4. Compute an antiderivative of 𝜇𝑏(𝑡) and call this function 𝐵(𝑡).

5. The general solution is 𝑦(𝑡 , 𝑐) = 1
𝜇(𝑡) (𝐵(𝑡) + 𝑐)

Example 44. Let us find the general solution of 𝑑𝑦

𝑑𝑡 =
𝑦

𝑡 + 3. In this case 𝑔(𝑡) = − 1
𝑡 and 𝑏(𝑡) = 3.

Therefore 𝐺(𝑡) = − ln(𝑡), 𝜇 = e− ln(𝑡) which simplifies to 1
𝑡 and 𝐵(𝑡) =

∫
3
𝑡 𝑑𝑡 = 3 ln(𝑡) and therefore

the general solution is 𝑦(𝑡 , 𝑐) = 𝑡 (3 ln(𝑡) + 𝑐)

Example 45. Let us find the general solution of 𝑑𝑦

𝑑𝑡 +
𝑦

1+𝑡 = 6𝑡. In this case 𝑔(𝑡) = 1
1+𝑡 and 𝑏(𝑡) = 6𝑡.

Therefore 𝐺(𝑡) = ln(1+ 𝑡), 𝜇 = eln(1+𝑡) which simplifies to 1+ 𝑡 and 𝐵(𝑡) =
∫
(1+ 𝑡)6𝑡 𝑑𝑡 = 3𝑡2 + 2𝑡3

and therefore the general solution is 𝑦(𝑡 , 𝑐) = 1
1 + 𝑡

(
3𝑡2 + 2𝑡3 + 𝑐

)
=

3𝑡2 + 2𝑡3 + 𝑐

1 + 𝑡

Example 46. Let us find the general solution of 𝑑𝑦

𝑑𝑡 − 2𝑡𝑦 = 3𝑡2e𝑡2 . In this case 𝑔(𝑡) = −2𝑡 and
𝑏(𝑡) = 3𝑡2e𝑡2 . Therefore 𝐺(𝑡) = −𝑡2, 𝜇 = e−𝑡2 . Now 𝐵(𝑡) =

∫
e−𝑡23𝑡2e𝑡2

𝑑𝑡 =
∫

3𝑡2 𝑑𝑡 = 𝑡3 and

therefore the general solution is 𝑦(𝑡 , 𝑐) = e𝑡2 (
𝑡3 + 𝑐

)
Example 47. Similar problem Video↗. Let us find the general solution of 𝑑𝑦

𝑑𝑡 +
2𝑡𝑦
1+𝑡2 = 3. In this

case 𝑔(𝑡) = 2𝑡
1+𝑡2 and 𝑏(𝑡) = 3. Therefore 𝐺(𝑡) =

∫
2𝑡

1+𝑡2 𝑑𝑡 = ln(1 + 𝑡2). In the previous integral
we have used substitution using 𝑢 = 1 + 𝑡2 and 𝑑𝑢 = 2𝑡 𝑑𝑡. We obtain that 𝜇 = 1 + 𝑡2. Now

𝐵(𝑡) =
∫

3(1 + 𝑡2) 𝑑𝑡 = 3𝑡 + 𝑡3 and therefore the general solution is 𝑦(𝑡 , 𝑐) = 𝑡3 + 3𝑡 + 𝑐

1 + 𝑡2

22 Basic Procedures in Ordinary Differential Equations

https://youtu.be/VB3zq2zhKYk


First-order linear equations

Example 48. Let us find the general solution of 𝑑𝑦

𝑑𝑡 − 1
1+𝑡 𝑦 = 3. In this case 𝑔(𝑡) = − 1

1+𝑡 and 𝑏(𝑡) = 3.
Therefore 𝐺(𝑡) = −

∫
1

1+𝑡 𝑑𝑡 = − ln(1+ 𝑡). In the previous integral we have used substitution using
𝑢 = 1 + 𝑡 and 𝑑𝑢 = 𝑑𝑡. We obtain that 𝜇 = 1

1+𝑡 . Now 𝐵(𝑡) =
∫

3
1+𝑡 𝑑𝑡 = 3 ln(1 + 𝑡) and therefore

the general solution is 𝑦 = 1
𝜇 (3 ln(1 + 𝑡) + 𝑐), this is 𝑦(𝑡 , 𝑐) = (1 + 𝑡) (3 ln(1 + 𝑡) + 𝑐)

Example 49. Let us find the solution of the initial value problem 𝑑𝑦

𝑑𝑡 = −2𝑡𝑦 + 4e−𝑡2 with 𝑦(0) = 3.
In this case 𝑔(𝑡) = 2𝑡 and 𝑏(𝑡) = 4e−𝑡2 . Therefore 𝐺(𝑡) =

∫
2𝑡 𝑑𝑡 = 𝑡2. We obtain that 𝜇 = e𝑡2 . Now

𝐵(𝑡) =
∫

e𝑡24e−𝑡2
𝑑𝑡 =

∫
4 𝑑𝑡 = 4𝑡 and therefore the general solution is 𝑦 = e−𝑡2(4𝑡 + 𝑐). Using the

initial condition 𝑦(0) = 3 we obtain that 𝑦(0) = 1(0 + 𝑐) = 𝑐 = 3, and the solution of the initial

value problem is 𝑦(𝑡 , 𝑐) = 𝑒−𝑡
2(4𝑡 + 3) .

Example 50. Let us find the general solution of 𝑑𝑦

𝑑𝑡 − 2𝑡
1+𝑡2 𝑦 = 3. In this case 𝑔(𝑡) = − 2𝑡

1+𝑡2 and 𝑏(𝑡) = 3.
Therefore 𝐺(𝑡) = −

∫
2𝑡

1+𝑡2 𝑑𝑡 = − ln(1 + 𝑡2). In the previous integral we have used substitution
using 𝑢 = 1 + 𝑡2 and 𝑑𝑢 = 2𝑡𝑑𝑡. We obtain that 𝜇 = 1

1+𝑡2 . Now 𝐵(𝑡) =
∫

3
1+𝑡2 𝑑𝑡 = 3 arctan(𝑡) and

therefore the general solution is 𝑦 = (1 + 𝑡2)(3 arctan(𝑡) + 𝑐. 𝑦(𝑡 , 𝑐) = (1 + 𝑡2) (3 arctan(𝑡) + 𝑐) .

3.3 Homework

For each one of the following problems, solve the initial value problem and then evaluate the
solution at 𝑡 = 0.3 using 5 significant digits.

1. 𝑑𝑦

𝑑𝑡 = 3𝑦 + 5, 𝑦(0) = 2. Answer: 𝑦 = 11𝑒3𝑡

3 − 5
3 , 7.35188. Video↗.

2. 𝑑𝑦

𝑑𝑡 = −2𝑦 + 5𝑡, 𝑦(0) = −4. Answer: 𝑦 = 5𝑡
2 − 11𝑒−2𝑡

4 − 5
4 , −2.00923. Video↗.

3. 𝑑𝑦

𝑑𝑡 + 4𝑦 = 3𝑒2𝑡 , 𝑦(0) = −1. Answer: 𝑦 = 1
2 (−3)𝑒−4𝑡 + 𝑒2𝑡

2 , 0.459268.

4. 𝑑𝑦

𝑑𝑡 − 6𝑦 = 2𝑒2𝑡 , 𝑦(0) = 2. Answer: 𝑦 = 5𝑒6𝑡

2 − 𝑒2𝑡

2 , 14.2131.

5. 𝑑𝑦

𝑑𝑡 = 3𝑦 + 5𝑒3𝑡 , 𝑦(0) = 2. Answer: 𝑦 = 5𝑒3𝑡𝑡 + 2𝑒3𝑡 , 8.60861.

6. 𝑑𝑦

𝑑𝑡 + 𝑦 = 2𝑒−𝑡 , 𝑦(0) = 6. Answer: 𝑦 = 2𝑒−𝑡𝑡 + 6𝑒−𝑡 , 4.8894.

7. 𝑑𝑦

𝑑𝑡 − 2𝑦 = 2 sin(2𝑡), 𝑦(0) = 1. Answer: 𝑦 = 3𝑒2𝑡

2 − 1
2 sin(2𝑡) − 1

2 cos(2𝑡), 2.03819.

8. 𝑑𝑦

𝑑𝑡 + 2𝑦 = 2 sin(2𝑡) − cos(2𝑡), 𝑦(0) = 0. Answer: 𝑦 = 3𝑒−2𝑡

4 + 1
4 sin(2𝑡) − 1

43 cos(2𝑡), −0.0662324.

9. 𝑑𝑦

𝑑𝑡 = −𝑦 + 4𝑡2, 𝑦(0) = 3. Answer: 𝑦 = 4𝑡2 − 8𝑡 − 5e−𝑡 + 8, 2.25591.

10. 𝑑𝑦

𝑑𝑡 = 2𝑦 + 𝑒2𝑡 + 4𝑡2, 𝑦(0) = 0. Answer: 𝑦 = −2𝑡2 + 𝑒2𝑡𝑡 − 2𝑡 + 𝑒2𝑡 − 1, 0.588754. Video↗.

11. 𝑑𝑦

𝑑𝑡 = − 2
1+𝑡 𝑦 + 3𝑡, 𝑦(0) = 0. Answer: 𝑦 =

𝑡2(3𝑡2+8𝑡+6)
4(𝑡+1)2 , 0.115429.

12. 𝑑𝑦

𝑑𝑡 + 2
𝑡 𝑦 = 3, 𝑦(1) = 2. Answer: 𝑦 = 1

𝑡2 + 𝑡, 11.4111.

13. 𝑑𝑦

𝑑𝑡 + 4
𝑡 𝑦 = 2𝑡, 𝑦(1) = 2. Answer: 𝑦 = 𝑡6+5

3𝑡4 , 205.791.
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14. 𝑑𝑦

𝑑𝑡 − 2𝑡
1+𝑡2 𝑦 = 2, 𝑦(0) = −1. Answer: 𝑦 =

(
𝑡2 + 1

) (
2 tan−1(𝑡) − 1

)
, −0.454624.

15. 𝑑𝑦

𝑑𝑡 + 2𝑡
1+𝑡2 𝑦 = 2, 𝑦(0) = −1. Answer: 𝑦 = 2𝑡3+6𝑡−3

3(𝑡2+1) , −0.350459. Video↗.
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CHAPTER 4

Second-order linear differential
equations

In this section we will study the differential equation of the form

𝑑2𝑦

𝑑𝑡2 + 𝑏
𝑑𝑦

𝑑𝑡
+ 𝑐𝑦 = 𝐹(𝑡) (4.1)

when 𝐹(𝑡) is a linear combination of a polynomial, an exponential, and sine and/or
cosine functions.

The method is similar to the first-order linear case, in which we use a first guess and, when
necessary, a second guess. We have the following result.

Theorem 4. If 𝑦𝑝(𝑡) is a solution of 𝑑2𝑦

𝑑𝑡2 + 𝑏
𝑑𝑦

𝑑𝑡 + 𝑐𝑦 = 𝐹(𝑡), and 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) is the general
solution of 𝑑2𝑦

𝑑𝑡2 + 𝑏
𝑑𝑦

𝑑𝑡 + 𝑐𝑦 = 0, then the general solution of 𝑑2𝑦

𝑑𝑡2 + 𝑏
𝑑𝑦

𝑑𝑡 + 𝑐𝑦 = 𝐹(𝑡) is
𝑦(𝑡 , 𝑐1 , 𝑐2) = 𝑦𝑝(𝑡) + 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2).

4.1 Solution of the homogeneous equation

The following theorem explains how to find the general solution 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2).

Theorem 5. The general solution of the homogeneous linear equation 𝑑2𝑦

𝑑𝑡2 + 𝑏
𝑑𝑦

𝑑𝑡 + 𝑐𝑦 = 0 is

1. 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e𝜆1𝑡 + 𝑐2𝑡e𝜆1𝑡 if 𝑏2 = 4𝑐, where 𝜆1 is the only solution of the equation
𝜆2 + 𝑏𝜆 + 𝑐 = 0.

2. 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e𝜆1𝑡 + 𝑐2e𝜆2𝑡 if 𝑏2 − 4𝑐 > 0, where 𝜆1 and 𝜆2 are the two real solutions of
𝜆2 + 𝑏𝜆 + 𝑐 = 0.

3. 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e𝛼𝑡 cos(𝛽𝑡) + 𝑐2e𝛼𝑡 sin(𝛽𝑡) if 𝑏2 − 4𝑐 < 0, where 𝛽 > 0 and 𝛼 ± 𝛽𝑖 are the
two solutions of the equation 𝜆2 + 𝑏𝜆 + 𝑐 = 0
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4.2 Finding the particular solution

For the particular solution we look for 𝑦𝑝(𝑡) according to the nonhomogeneous part 𝐹(𝑡). We
have:

1. If 𝐹(𝑡) = 𝑐 sin(𝑘𝑡) or 𝐹(𝑡) = 𝑐 cos(𝑘𝑡) or 𝐹(𝑡) = 𝑐1 sin(𝑘𝑡) + 𝑐2 cos(𝑘𝑡), then we look for
𝑦𝑝(𝑡) = 𝐴 cos(𝑘𝑡) + 𝐵 sin(𝑘𝑡), unless 𝑦𝐻 = 𝑐1 cos(𝑘𝑡) + 𝑐2 sin(𝑘𝑡); in this case we look for
the second guess 𝑦𝑝(𝑡) = 𝐴𝑡 cos(𝑘𝑡) + 𝐵𝑡 sin(𝑘𝑡). We call this latter case, resonance.

2. In general we proceed as in the order one case. We take a first guess similar to the
nonhomogeneous part 𝐹(𝑡) and if this guess is a multiple of a part of 𝑦𝐻 , then we multiply
this guess by 𝑡. We call this the second guess. It may happen that the second guess is
also a multiple of some part of the 𝑦𝐻 and therefore we need to multiply the second
guess by 𝑡.

4.3 Examples

Video companion

A second-order linear initial-value problem
Follow a worked example that requires a second guess for the particular solution.

Example 51. Compute the solution of the initial value problem 𝑑2𝑦

𝑑𝑡2 + 3 𝑑𝑦

𝑑𝑡 − 4𝑦 = 2e𝑡 with
𝑦(0) = 1 and 𝑦′(0) = 4. In this case, the homogeneous equation is 𝑑2𝑦

𝑑𝑡2 + 3 𝑑𝑦

𝑑𝑡 − 4𝑦 = 0. Since
𝑏2 − 4𝑎𝑐 = 32 − 4(−4) = 25 > 0, then the equation 𝜆2 + 3𝜆 − 4 = 0 has two real solutions; they are
𝜆1 = 1 and 𝜆2 = −4. Using Theorem 5 we get that 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e𝑡 + 𝑐2e−4𝑡 . The first guess for
the particular solution is 𝑦𝑝 = 𝐴e𝑡 but since this is a multiple of part of the solution 𝑦𝐻 we need
to consider the second guess 𝑦𝑝 = 𝐴𝑡e𝑡 . We notice that this second guess is not a multiple of any
part of the solution of 𝑦𝐻 , thus it will work. We have that 𝑑𝑦𝑝

𝑑𝑡 = 𝐴e𝑡 +𝐴𝑡e𝑡 and 𝑑2𝑦𝑝
𝑑𝑡2 = 2𝐴e𝑡 +𝐴𝑡e𝑡

. Since we want 𝑦𝑝 to solve the nonhomogeneous equation we must have

(2𝐴e𝑡 + 𝐴𝑡e𝑡) + 3(𝐴e𝑡 + 𝐴𝑡e𝑡) − 4𝐴𝑡e𝑡 = 2e𝑡

As expected the terms with 𝑡e𝑡 cancel out and the equation reduces to 5𝐴e𝑡 = 2e𝑡 which is
true if 𝐴 = 2

5 . Therefore 𝑦𝑝 = 2
5 𝑡e

𝑡 and the general solution is

𝑦 =
2
5 𝑡e

𝑡 + 𝑐1e𝑡 + 𝑐2e−4𝑡

To determine the constants from the initial conditions, we first differentiate the general solution.

𝑦′ =
2
5e𝑡 + 2

5 𝑡e
𝑡 + 𝑐1e𝑡 − 4𝑐2e−4𝑡

Replacing 𝑦(0) = 1 and 𝑦′(0) = 4 in the expression for 𝑦 and 𝑦′ above gives us the following
system
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𝑐1 + 𝑐2 = 1 and 2
5 + 𝑐1 − 4𝑐2 = 4

the solution of the system is 𝑐1 = 38
25 and 𝑐2 = −13

25 . Therefore the solution of the initial value

problem is 𝑦 =
2𝑒 𝑡𝑡

5 − 13
25 𝑒−4𝑡 + 38

25 𝑒 𝑡

Example 52. Compute the solution of the initial value problem 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 𝑦 = 3 cos 𝑡 with
𝑦(0) = 2 and 𝑦′(0) = 0. In this case, the homogeneous equation is 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 𝑦 = 0. Since
𝑏2 − 4𝑎𝑐 = 22 − 4(1) = 0, then the equation 𝜆2 + 2𝜆 + 1 = 0 has only one solution, 𝜆1 = −1. Using
Theorem 5 we get that 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e−𝑡 + 𝑐2𝑡e−𝑡 . The first guess for the particular solution is
𝑦𝑝 = 𝐴 cos 𝑡 + 𝐵 sin 𝑡. Since this guess is not a multiple of any part of the solution of 𝑦𝐻 , it will
work. We have that 𝑑𝑦𝑝

𝑑𝑡 = −𝐴 sin 𝑡 + 𝐵 cos 𝑡 and 𝑑2𝑦𝑝
𝑑𝑡2 = −𝐴 cos 𝑡 − 𝐵 sin 𝑡. Since we want 𝑦𝑝 to

solve the nonhomogeneous equation we must have

(−𝐴 cos 𝑡 − 𝐵 sin 𝑡) + 2(−𝐴 sin 𝑡 + 𝐵 cos 𝑡) + 𝐴 cos 𝑡 + 𝐵 sin 𝑡 = 3 cos 𝑡

The equation above can be written as 2𝐵 cos 𝑡 − 2𝐴 sin 𝑡 = 3 cos 𝑡. Comparing coefficients of
the functions sin(𝑡) and cos 𝑡 we obtain that 𝐵 = 3

2 and 𝐴 = 0 and 𝑦𝑝 = 3
2 sin 𝑡. Therefore the

general solution is

𝑦 =
3
2 sin 𝑡 + 𝑐1e−𝑡 + 𝑐2𝑡e−𝑡

To determine the constants from the initial conditions, we first differentiate the general solution.

𝑦′ =
3
2 cos 𝑡 − 𝑐1e−𝑡 + 𝑐2e−𝑡 − 𝑐2𝑡e−𝑡

Replacing 𝑦(0) = 2 and 𝑦′(0) = 0 in the expression for 𝑦 and 𝑦′ above gives us the following
system

𝑐1 = 2 and 3
2 − 𝑐1 + 𝑐2 = 0

the solution of the system is 𝑐1 = 2 and 𝑐2 = 1
2 . Therefore the solution of the initial value

problem is 𝑦 =
3
2 sin 𝑡 + 2e−𝑡 + 1

2 𝑡e
−𝑡

Example 53. Similar problem Video↗ Compute the solution of the initial value problem 𝑑2𝑦

𝑑𝑡2 +
2 𝑑𝑦

𝑑𝑡 + 10𝑦 = 2e−𝑡 with 𝑦(0) = 0 and 𝑦′(0) = 0. In this case, the homogeneous equation is
𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 10𝑦 = 0. Since 𝑏2 − 4𝑎𝑐 = 22 − 4(10) = −36 < 0, then the equation 𝜆2 + 2𝜆 + 10 = 0
has two non-real solutions; they are 𝜆1 = −1 + 3𝑖 and 𝜆2 = −1 − 3𝑖. Therefore, 𝛼 = −1 and 𝛽 = 3.
Using Theorem 5 we get that 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e−𝑡 cos(3𝑡) + 𝑐2e−𝑡 sin(3𝑡). The first guess for the
particular solution is 𝑦𝑝 = 𝐴e−𝑡 , since this guess is not a multiple of any part of the solution of
𝑦𝐻 , then it will work. We would like to emphasize that e−𝑡 is not a multiple of e−𝑡 sin(3𝑡) even
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if they share an e−𝑡 . We have that 𝑑𝑦𝑝
𝑑𝑡 = −𝐴e−𝑡 and 𝑑2𝑦𝑝

𝑑𝑡2 = 𝐴e−𝑡 . Since we want 𝑦𝑝 to solve the
nonhomogeneous equation we must have

𝐴e−𝑡 + 2(−𝐴e−𝑡) + 10𝐴e−𝑡 = 2e−𝑡

the equation reduces to 9𝐴e−𝑡 = 2e−𝑡 which is true if 𝐴 = 2
9 . Therefore 𝑦𝑝 = 2

9e−𝑡 and the
general solution is

𝑦 =
2
9e−𝑡 + 𝑐1e−𝑡 cos(3𝑡) + 𝑐2e−𝑡 sin(3𝑡)

To determine the constants from the initial conditions, we first differentiate the general solution.

𝑦′ = −2
9e−𝑡 − 𝑐1e−𝑡 cos(3𝑡) − 3𝑐1e−𝑡 sin(3𝑡) − 𝑐2e−𝑡 sin(3𝑡) + 3𝑐2e−𝑡 cos(3𝑡)

Replacing 𝑦(0) = 0 and 𝑦′(0) = 0 in the expression for 𝑦 and 𝑦′ above gives us the following
system

2
9 + 𝑐1 = 0 and − 2

9 − 𝑐1 + 3𝑐2 = 0

the solution of the system is 𝑐1 = − 2
9 and 𝑐2 = 0. Therefore the solution of the initial value

problem is 𝑦 =
2
9e−𝑡 − 2

9e−𝑡 cos(3𝑡)

Example 54. Compute the solution of the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 2𝑡 with 𝑦(0) = 1 and
𝑦′(0) = −1. In this case, the homogeneous equation is 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 0. Since 𝑏2 − 4𝑎𝑐 = 0 − 4 × 4 =

−16 < 0, then the equation 𝜆2 + 4 = 0 has two non-real solutions; they are 𝜆1 = 2𝑖 and 𝜆2 = −2𝑖.
In this case 𝛼 = 0 and 𝛽 = 2. Using Theorem 5 we get that 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡).
The first guess for the particular solution is 𝑦𝑝 = 𝐴𝑡 + 𝐵, since this guess is not a multiple of any
part of the solution of 𝑦𝐻 , then it will work. We have that 𝑑𝑦𝑝

𝑑𝑡 = 𝐴 and 𝑑2𝑦𝑝
𝑑𝑡2 = 0 . Since we want

𝑦𝑝 to solve the nonhomogeneous equation we must have

0 + 4(𝐴𝑡 + 𝐵) = 2𝑡

the equation reduces to 4𝐴𝑡 + 4𝐵 = 2𝑡 which is true if 4𝐴 = 2 and 4𝐵 = 0. Therefore 𝑦𝑝 = 1
2 𝑡

and the general solution is

𝑦 =
1
2 𝑡 + 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡)

To determine the constants from the initial conditions, we first differentiate the general solution.

𝑦′ =
1
2 − 2𝑐1 sin(2𝑡) + 2𝑐2 cos(2𝑡)

Replacing 𝑦(0) = 1 and 𝑦′(0) = −1 in the expression for 𝑦 and 𝑦′ above gives us the following
system
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𝑐1 = 1 and 1
2 + 2𝑐2 = −1

the solution of the system is 𝑐1 = 0 and 𝑐2 = −3
4 . Therefore the solution of the initial value

problem is 𝑦 =
1
2 𝑡 + cos(2𝑡) − 3

4 sin(2𝑡)

Example 55. Compute the general solution of 𝑑2𝑦

𝑑𝑡2 +6 𝑑𝑦

𝑑𝑡 +9𝑦 = 4e−3𝑡 . In this case, the homogeneous
equation is 𝑑2𝑦

𝑑𝑡2 + 6 𝑑𝑦

𝑑𝑡 + 9𝑦 = 0. Since 𝑏2 − 4𝑎𝑐 = 36 − 4 × 9 = 0, then the equation 𝜆2 + 6𝜆 + 9 = 0
has only one solution, 𝜆1 = −3. Using Theorem 5 we get that 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1e−3𝑡 + 𝑐2𝑡e−3𝑡 .
The first guess for the particular solution is 𝑦𝑝 = 𝐴e−3𝑡 , since this guess is a multiple of the
first term of 𝑦𝐻 , then we need to try the second guess 𝑦𝑝 = 𝐴𝑡e−3𝑡 . Since this second guess is
a multiple of the second term of 𝑦𝐻 , then we need the third guess 𝑦𝑝 = 𝐴𝑡2e−3𝑡 . Since this is
not a multiple of any part of 𝑦𝐻 , then it will work. We have that 𝑑𝑦𝑝

𝑑𝑡 = 2𝐴𝑡e−3𝑡 − 3𝐴𝑡2e−3𝑡 and
𝑑2𝑦𝑝
𝑑𝑡2 = 2𝐴e−3𝑡 − 6𝐴𝑡e−3𝑡 − 6𝐴𝑡e−3𝑡 + 9𝐴𝑡2e−3𝑡 . Since we want 𝑦𝑝 to solve the nonhomogeneous

equation we must have

(2𝐴e−3𝑡 − 12𝐴𝑡e−3𝑡 + 9𝐴𝑡2e−3𝑡) + 6(2𝐴𝑡e−3𝑡 − 3𝐴𝑡2e−3𝑡) + 9𝐴𝑡2e−3𝑡 = 4e−3𝑡

the equation reduces to 2𝐴e−3𝑡 = 4𝐴e−3𝑡 which is true if 2𝐴 = 4. Therefore 𝑦𝑝 = 2𝑡2e−3𝑡 and
the general solution is 𝑦 = 2𝑡2e−3𝑡 + 𝑐1e−3𝑡 + 𝑐2𝑡e−3𝑡

Example 56. Similar example Video↗ Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 2 sin(2𝑡), 𝑦(0) = 0,
𝑦′(0) = 0. In order to find 𝑦𝐻 we notice that the solution of the equation 𝜆2 + 4 = 0 is
𝜆 = ±2𝑖 and therefore 𝑦𝐻(𝑡 , 𝑐1 , 𝑐2) = 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡). For the particular solution we try
𝑦𝑝 = 𝐴 cos(2𝑡) + 𝐵 sin(2𝑡), but after noticing that this is a multiple of 𝑦𝐻 we realize that we need
a second guess and we try 𝑦𝑝 = 𝐴𝑡 cos(2𝑡) + 𝐵𝑡 sin(2𝑡). We have

𝑑𝑦𝑝

𝑑𝑡
= 𝐴 cos(2𝑡) − 2𝐴𝑡 sin(2𝑡) + 𝐵 sin(2𝑡) + 2𝐵𝑡 cos(2𝑡)

and
𝑑2𝑦𝑝

𝑑𝑡2 = −4𝐴 sin(2𝑡) − 4𝐴𝑡 cos(2𝑡) + 4𝐵 cos(2𝑡) − 4𝐵𝑡 sin(2𝑡)

Therefore, we want the following equation to be true

𝑑2𝑦𝑝

𝑑𝑡2 + 4𝑦𝑝 = −4𝐴 sin(2𝑡) + 4𝐵 cos(2𝑡) = 2 sin(2𝑡)

We see that 𝐴 = − 1
2 and 𝐵 = 0 solve the equation. The general solution becomes

𝑦(𝑡 , 𝑐1 , 𝑐2) = 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡) − 1
2 𝑡 cos(2𝑡)

and in order to find the constants 𝑐1 and 𝑐2 we compute
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𝑑𝑦

𝑑𝑡
= −2𝑐1 sin(2𝑡) + 2𝑐2 cos(2𝑡) − 1

2 cos(2𝑡) + 𝑡 sin(2𝑡)

and replace the initial conditions to obtain the following system of equations

𝑐1 = 0, 2𝑐2 −
1
2 = 0

Then, the solution of the initial value problem is 𝑦 =
1
4 sin(2𝑡) − 1

2 𝑡 cos(2𝑡)

� � � � �� �� ��
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Figure 4.1. In the case of resonance the solution is unbounded. It grows between two lines oscillating from
one line to another. It is not fun to move along this solution if you easily get dizzy.

The previous example is an example of resonance. More precisely we have the following
definition.

Definition 8. We say that the differential equation 𝑑2𝑦

𝑑𝑡2 + 𝜔2𝑦 = 𝐴 cos(𝜔𝑡) + 𝐵 sin(𝜔𝑡) is at
resonance due to the fact that a second guess is needed for the solution and therefore the
solution oscillates and is unbounded.

4.4 Near resonance

The differential equation 𝑑2𝑦

𝑑𝑡2 + 𝜔2𝑦 = 0 has as a solution the harmonic motion 𝑦 =

𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡). For this homogeneous equation we will call 𝜔 the natural angular
frequency. As pointed out in example (56), if we add a nonhomogeneous part of the form
sin(𝜔𝑡) or cos(𝜔𝑡) then we will need a second guess (making resonance show up) and our
solution will be unbounded. In this section we will learn to sketch the solution when the
nonhomogeneous part is of the form sin(𝜔1𝑡) or cos(𝜔1𝑡) with 𝜔1 close to 𝜔. We call this
case, near resonance.

Let us consider the following initial value problem
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𝑑2𝑦

𝑑𝑡2 + 𝜔2𝑦 = cos(𝜔1𝑡), 𝑦(0) = 𝑦′(0) = 0 with 𝜔1 near 𝜔 (4.2)

We look for the particular solution of the form 𝑦𝑝 = 𝐴 cos(𝜔1𝑡) + 𝐵 sin(𝜔1𝑡) and we obtain that
(𝜔2 − 𝜔2

1)𝐴 = 1 and 𝐵 = 0. Then the general solution is

𝑦 = 𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡) + 1
𝜔2 − 𝜔2

1
cos(𝜔1𝑡)

Using the initial conditions we get that the solution of the initial value problem is

𝑦 =
1

𝜔2 − 𝜔2
1
(cos(𝜔1𝑡) − cos(𝜔𝑡)) (4.3)

Some basic trigonometric identities will allow us to rewrite the solution above. We have that

cos(𝑥 ± 𝑦) = cos(𝑥) cos(𝑦) ∓ sin(𝑥) sin(𝑦)
sin(𝑥 ± 𝑦) = sin(𝑥) cos(𝑦) ± sin(𝑦) cos(𝑥)

Using the first equation above we conclude that cos(𝑥 + 𝑦) − cos(𝑥 − 𝑦) = −2 sin(𝑥) sin(𝑦) and
making 𝑥 + 𝑦 = 𝜔1𝑡 and 𝑥 − 𝑦 = 𝜔𝑡 we get that 𝑥 = 1

2 (𝜔 + 𝜔1)𝑡 and 𝑦 = 1
2 (𝜔1 − 𝜔)𝑡. Therefore,

the expression in Equation (4.3) can be written as

𝑦 =
2

𝜔2 − 𝜔2
1

sin(12 (𝜔 + 𝜔1)𝑡) sin(12 (𝜔 − 𝜔1)𝑡) (4.4)

An advantage of the last form of writing the solution is that we have that the function 𝑦 crosses
the 𝑡 axis whenever either of the two functions sin(1

2 (𝜔 + 𝜔1)𝑡) and sin(1
2 (𝜔 − 𝜔1)𝑡) crosses the 𝑡

axis.

Remember that the function sin(Ω𝑡) has period 𝑃 = 2𝜋
Ω

and in the closed interval [0, 𝑃] the
function sin(Ω𝑡) vanishes at the endpoints and at the midpoint.
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The previous observations allow us to have a sketch of the solution of the differential
equation (4.2) by doing the following steps.

1. Identify the natural angular frequency 𝜔 and the forcing angular frequency 𝜔1.

2. Compute 𝜔𝑏 =
1
2 |𝜔 − 𝜔1| and 𝜔𝑟𝑜 =

1
2 |𝜔 + 𝜔1|.

3. Compute the periods associated with the two angular frequencies computed in the
previous step. This is 𝑃𝑟𝑜 =

2𝜋
𝜔𝑟0

and 𝑃𝑏 =
2𝜋
𝜔𝑏

.

4. Draw with dashed lines the graphs of 𝑦 = sin(𝜔𝑏𝑡) and 𝑦 = − sin(𝜔𝑏𝑡). This part of the
motion is called the beats.

5. Divide the real line into intervals with length 𝑃𝑟𝑜 and in each one of these intervals draw
a sine-like function making sure that the graph crosses the 𝑡 axis at the beginning, at the
end and in the middle of each interval. The sine-like function must go up as much as
possible while staying inside the beats. This going up and down in a sinusoidal way
over these small intervals is called rapid oscillations.

Example 57. Let us sketch the solution of the differential equation 𝑑2𝑦

𝑑𝑡2 + 9𝑦 = 5 cos(5𝑡
2 ). Step one

is to point out the natural angular frequency is 𝜔 = 3 and the forcing angular frequency is 𝜔1 = 5
2 .

For step 2 we compute 𝜔𝑏 = 1
2 (3 − 5

2 ) = 1
4 and 𝜔𝑟𝑜 = 1

2 (3 + 5
2 ) = 11

4 . For step 3 we compute the
periods using the formula 𝑃 = 2𝜋

𝜔 . The period of the beats is 𝑃𝑏 = 8𝜋 and the period of the rapid
oscillations is 𝑃𝑟𝑜 =

8𝜋
11 . The sketch of the graph is shown in Figure 4.2

�π

��
�π

Figure 4.2. Notice that we have labeled the period of the rapid oscillations and the period of the beats

Example 58. Similar example Video↗ Let us sketch the solution of the differential equation
𝑑2𝑦

𝑑𝑡2 + 25𝑦 = cos(4𝑡). The natural angular frequency is 𝜔 = 5 and the forcing angular frequency
is 𝜔1 = 4. Now we compute the other two angular frequencies 𝜔𝑏 = 1

2 (5 − 4) = 1
2 and

𝜔𝑟𝑜 = 1
2 (4 + 5) = 9

2 . Therefore, the period of the beats is 𝑃𝑏 = 4𝜋 and the period of the rapid
oscillations is 𝑃𝑟𝑜 =

4𝜋
9 . The graph is shown in Figure 4.3
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Figure 4.3. The graphs of the beats, the dashed curves, are not part of the graph; they just help us to do the
sketch of the solution of the ODE.

4.5 Homework

1. Similar problem Video↗ Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 +
𝑑𝑦

𝑑𝑡 −6𝑦 = 3e4𝑡 , 𝑦(0) = −1, 𝑦′(0) = 2,
Answer: 𝑦 = 1

7 (−5)𝑒−3𝑡 − 𝑒2𝑡

2 + 3𝑒4𝑡

14 .

2. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 2𝑦 = 2 sin(2𝑡), 𝑦(0) = 0, 𝑦′(0) = 1, Answer:
𝑦 = 9

5 𝑒
−𝑡 sin(𝑡) − 1

5 sin(2𝑡) + 2
5 𝑒

−𝑡 cos(𝑡) − 2
5 cos(2𝑡).

3. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 4 𝑑𝑦

𝑑𝑡 + 4𝑦 = 3e5𝑡 , 𝑦(0) = −2, 𝑦′(0) = 1, Answer: 𝑦 =

4𝑒2𝑡𝑡 + 𝑒5𝑡

3 − 7𝑒2𝑡

3 .

4. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 3 𝑑𝑦

𝑑𝑡 + 2𝑦 = 3e2𝑡 , 𝑦(0) = 2, 𝑦′(0) = 1, Answer: 𝑦 =

3𝑒2𝑡𝑡 + 6𝑒 𝑡 − 4𝑒2𝑡 .

5. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 𝑑𝑦

𝑑𝑡 − 6𝑦 = 3e2𝑡 , 𝑦(0) = −2, 𝑦′(0) = 1, Answer: 𝑦 =

− 5
4 𝑒

−2𝑡 − 3𝑒2𝑡

4 .

6. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4 𝑑𝑦

𝑑𝑡 + 5𝑦 = 4e𝑡 , 𝑦(0) = −2, 𝑦′(0) = 4, Answer: 𝑦 =

2𝑒 𝑡
5 − 6

5 𝑒
−2𝑡 sin(𝑡) − 12

5 𝑒−2𝑡 cos(𝑡).

7. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 6 𝑑𝑦

𝑑𝑡 + 13𝑦 = 5 sin 2𝑡, 𝑦(0) = 0, 𝑦′(0) = 4, Answer:
𝑦 = 11

5 𝑒3𝑡 sin(2𝑡) + 1
5 sin(2𝑡) − 1

154𝑒3𝑡 cos(2𝑡) + 4
15 cos(2𝑡).

8. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 6 𝑑𝑦

𝑑𝑡 + 9𝑦 = 2e3𝑡 , 𝑦(0) = −2, 𝑦′(0) = −1, Answer:
𝑦 = 𝑒3𝑡𝑡2 + 5𝑒3𝑡𝑡 − 2𝑒3𝑡 .

9. Similar problem Video↗ Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 4 𝑑𝑦

𝑑𝑡 + 3𝑦 = 2 + 3𝑡, 𝑦(0) = −1,
𝑦′(0) = 2, Answer: 𝑦 = 𝑡 − 5𝑒 𝑡 + 2𝑒3𝑡 + 2.

10. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 2 𝑑𝑦

𝑑𝑡 + 𝑦 = 5 cos(3𝑡), 𝑦(0) = −1, 𝑦′(0) = 0, Answer:
𝑦 = 3𝑒 𝑡 𝑡

2 − 3𝑒 𝑡
5 − 3

10 sin(3𝑡) − 2
5 cos(3𝑡).
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11. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 5 cos(3𝑡), 𝑦(0) = −1, 𝑦′(0) = 0, Answer: 𝑦 = − cos(3𝑡)

12. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 100𝑦 = 19 cos(9𝑡), 𝑦(0) = 0, 𝑦′(0) = 0, Answer: 𝑦 =

cos(9𝑡) − cos(10𝑡)

13. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 4 𝑑𝑦

𝑑𝑡 + 8𝑦 = 32𝑡2, 𝑦(0) = 2, 𝑦′(0) = −4, Answer: 𝑦 =

4𝑡2 + 4𝑡 − 5𝑒2𝑡 sin(2𝑡) + 𝑒2𝑡 cos(2𝑡) + 1

14. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 2 𝑑𝑦

𝑑𝑡 = e𝑡 , 𝑦(0) = 2, 𝑦′(0) = −4, Answer: 𝑦 = −𝑒 𝑡 − 3𝑒2𝑡

2 + 9
2

15. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 8 sin(2𝑡), 𝑦(0) = 2, 𝑦′(0) = −4, Answer: 𝑦 =

− sin(2𝑡) − 2𝑡 cos(2𝑡) + 2 cos(2𝑡)

16. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 + 9𝑦 = 3 cos(3𝑡), 𝑦(0) = 0, 𝑦′(0) = 0, Answer: 𝑦 = 1
2 𝑡 sin(3𝑡)

17. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 − 4 𝑑𝑦

𝑑𝑡 + 3𝑦 = 2e𝑡 , 𝑦(0) = −1, 𝑦′(0) = 2, Answer: 𝑦 =

−𝑒 𝑡𝑡 − 3𝑒 𝑡 + 2𝑒3𝑡

18. Solve the initial value problem 𝑑2𝑦

𝑑𝑡2 = 12𝑡2, 𝑦(0) = −1, 𝑦′(0) = 2, Answer: 𝑦 = 𝑡4 + 2𝑡 − 1

19. Consider 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 4 cos(5
2 𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making sure

to label the period of the beats and the period of the rapid oscillations.

20. Consider 𝑑2𝑦

𝑑𝑡2 + 64𝑦 = 4 cos(7𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making
sure to label the period of the beats and the period of the rapid oscillations.

21. Consider 𝑑2𝑦

𝑑𝑡2 + 6𝑦 = 4 cos(3𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making sure
to label the period of the beats and the period of the rapid oscillations.

Watch the worked solution↗

22. Consider 𝑑2𝑦

𝑑𝑡2 + 25𝑦 = 4 cos(4𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making
sure to label the period of the beats and the period of the rapid oscillations.

23. Consider 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 4 cos(8
5 𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making sure

to label the period of the beats and the period of the rapid oscillations.

24. Consider 𝑑2𝑦

𝑑𝑡2 + 10𝑦 = 4 cos(5
2 𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making

sure to label the period of the beats and the period of the rapid oscillations.

25. Consider 𝑑2𝑦

𝑑𝑡2 + 36𝑦 = 4 cos(11
2 𝑡) 𝑦(0) = 0, 𝑦′(0) = 0. Sketch the graph of the solution making

sure to label the period of the beats and the period of the rapid oscillations.

Answers to problems 19 to 25:
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Figure 4.4. Answer to problem 19
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Figure 4.5. Answer to problem 20
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Figure 4.6. Answer to problem 21
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Figure 4.7. Answer to problem 22
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Figure 4.8. Answer to problem 23
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Figure 4.9. Answer to problem 24
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Figure 4.10. Answer to problem 25
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CHAPTER 5

Phase lines

5.1 Definition

Phase lines give information about solutions without requiring explicit formulas. They show
why equilibrium points are important when studying a differential equation.

Definition 9. If 𝑓 (𝑦) is a smooth function defined for all real numbers that only vanishes at
the points 𝑦1 , . . . 𝑦𝑛 , then the phase line of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑦) is a vertical
line with dots at the points 𝑦𝑖 and with arrows between the dots that point up if 𝑓 is positive
and point down if 𝑓 is negative. An equilibrium point 𝑦𝑖 is called a sink if the arrows before
and after point towards it. It is called a source if the arrows before and after point away from
it and it is called a node if the arrows before and after both point up or both point down. If
the function is always positive then the phase line is just a vertical line with an arrow going
up. Likewise, if the function 𝑓 (𝑦) is always negative, then the phase line is just a line with
an arrow going down.

Example 59. Let us find the phase line of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦2(𝑦2 − 1). For this
example 𝑓 (𝑦) = 𝑦2(𝑦2 − 1) and the equilibrium points are 𝑦1 = −1, 𝑦2 = 0 and 𝑦3 = 1. Once we
are completely sure that we have all points where 𝑓 (𝑦) is zero, we can find the direction of the
arrows by taking test points in the open intervals obtained by removing the equilibrium points
from the real line. In this case we have the intervals (−∞,−1), (−1, 0), (0, 1) and (1,∞). We can
pick as test points −2 from the interval (−∞,−1), −0.5 from the interval (−1, 0), 0.5 from the
interval (0, 1) and 2 from the interval (1,∞). Since 𝑓 (−2) = 12 > 0, then the arrow in this interval
goes up. Since 𝑓 (−0.5) = 𝑓 (0.5) = −0.1875 < 0 then the arrows on the intervals (−1, 0) and (0, 1)
go down. Finally, since 𝑓 (2) = 12 > 0 then the arrow in the interval (1,∞) goes up. Figure ( 5.1)
shows this phase line.

Notice that if 𝑦1 is a value in an interval with an arrow going up, then a solution of the
differential equation satisfying 𝑦(𝑡1) = 𝑦1 is increasing for values of 𝑡 near 𝑡1. Likewise, if 𝑦1 is
a value in an interval with an arrow going down, then a solution of the differential equation
satisfying 𝑦(𝑡1) = 𝑦1 is decreasing for values of 𝑡 near 𝑡1. The following theorem explains how we
can sketch a solution of the differential equation using the phase line.
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Figure 5.1. Phase line of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦2(𝑦2 − 1)

Theorem 6. If 𝑓 (𝑦) is a smooth function defined for all real numbers that only vanishes
at the points 𝑦1 < · · · < 𝑦𝑛 , then the solution 𝑦(𝑡) of the initial value problem 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑦),
𝑦(𝑡0) = 𝑦0 satisfies

1. If 𝑦0 is in the set {𝑦1 , . . . , 𝑦𝑛}, then 𝑦0 is an equilibrium point and the graph of 𝑦(𝑡) is a
horizontal line.

2. If 𝑦0 is in the interval (𝑦𝑖 , 𝑦𝑖+1), then the lines 𝑦 = 𝑦𝑖 and 𝑦 = 𝑦𝑖+1 are horizontal
asymptotes; the function is always increasing if 𝑓 (𝑦0) > 0 or always decreasing if
𝑓 (𝑦0) < 0 and moreover 𝑦(𝑡) is defined for all 𝑡.

3. If 𝑦0 < 𝑦1, then the line 𝑦 = 𝑦1 is a horizontal asymptote and the solution 𝑦(𝑡) is
unbounded.

4. If 𝑦𝑛 < 𝑦0, then the line 𝑦 = 𝑦𝑛 is a horizontal asymptote and the solution 𝑦(𝑡) is
unbounded.

Example 60.

As an example of the theorem we sketch the 5 solutions of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦2(𝑦2−1)
that satisfy the following initial conditions 𝑦(1) = 0.5, 𝑦(0) = −0.5, 𝑦(1) = 1.2, 𝑦(−1) = −1.2 and
𝑦(−2) = 0.5. Figure (5.2) shows these 5 graphs. Notice that the initial conditions have been
highlighted with a point.

In general it is not difficult to show that the graphs of two different solutions with values in
the same interval differ by a horizontal translation.
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Figure 5.2. Phase line of the differential equation 𝑑𝑦

𝑑𝑡 = 𝑦2(𝑦2 − 1)

5.2 Homework

For each of the following problems draw the phase line, classify the equilibrium points, and
sketch the solutions that satisfy the given initial conditions. The answer to each problem is two
graphs similar to Figure (5.1) and Figure (5.2).

1. Differential equation: 𝑑𝑦

𝑑𝑡 = 𝑦2 + 3𝑦 − 4. Solutions to be considered: 𝑦(0) = −5, 𝑦(−2) = 0,
𝑦(2) = 3.

Watch the worked solution↗

2. Differential equation: 𝑑𝑦

𝑑𝑡 = 𝑦2. Solutions to be considered: 𝑦(0) = −2, 𝑦(−2) = 0, 𝑦(2) = 1.

3. Differential equation: 𝑑𝑦

𝑑𝑡 = 𝑦. Solutions to be considered: 𝑦(0) = −2, 𝑦(−2) = 0, 𝑦(2) = 1.

4. Differential equation: 𝑑𝑦

𝑑𝑡 = 𝑦(𝑦 − 1)2. Solutions to be considered: 𝑦(0) = −1, 𝑦(−2) = 0.5,
𝑦(2) = 1, 𝑦(1) = 2.

5. Differential equation: 𝑑𝑦

𝑑𝑡 = 𝑦4 + 𝑦3 − 2𝑦2. Solutions to be considered: 𝑦(0) = 0.5, 𝑦(−2) = 1.5,
𝑦(2) = −0.5, 𝑦(−2) = −2, 𝑦(1) = −2.5.

6. Differential equation: 𝑑𝑦

𝑑𝑡 = (𝑦2 − 4)(𝑦2 − 𝑦 − 12). Solutions to be considered: 𝑦(0) = 5,
𝑦(−2) = 1.5, 𝑦(2) = −0.5, 𝑦(−2) = 3, 𝑦(1) = −4.

Answers:
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Figure 5.5. Answer to problem 3
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Figure 5.6. Answer to problem 4
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Figure 5.8. Answer to problem 6

42 Basic Procedures in Ordinary Differential Equations



CHAPTER 6

Euler’s method for first-order
equations

Numerical methods allow us to approximate solutions of differential equations. They are
important because most differential equations cannot be solved explicitly. This chapter introduces
the simplest numerical method: Euler’s method. It approximates a solution with line segments
over small parts of its domain. Smaller steps give a better approximation. In this method, the
step from one value of 𝑡 to another is called Δ𝑡. For example when 𝑡0 is 2, Δ𝑡 = 0.01 means that
we will be considering the solutions at the values for 𝑡 given by 2, 2.01, 2.02 . . . until we reach
the last value of 𝑡 that we want to consider. The main idea behind the Euler method is that if
we have an initial value problem 𝑑𝑦

𝑑𝑡 = 𝑓 (𝑦, 𝑡) with 𝑦(𝑡0) = 𝑦0, then we not only know the
value of 𝑦 at 𝑡0, but we also know the value of the slope of the tangent line at 𝑡0. For example,
for the initial value problem 𝑑𝑦

𝑑𝑡 = 𝑡2 − 2 + 𝑡𝑦2 with 𝑦(2) = 1 we have that the graph of the
solution 𝑦(𝑡) not only passes through the point (2, 1) but the slope of the tangent line at this point
is 𝑓 (𝑡 , 𝑦) = 𝑡2 − 2 + 𝑡𝑦2 evaluated at 𝑡 = 2 and 𝑦 = 1, this is, it is 22 − 2 + 2 × 12 = 4. Figure 6.1
shows the solution 𝑦(𝑡) near 𝑡 = 2.

1.2 1.4 1.6 1.8 2.0 2.2
t

0.5

1.0

1.5

2.0

2.5

3.0

y

Figure 6.1. Solution for the system 𝑑𝑦

𝑑𝑡 = 𝑡2 − 2 + 𝑡𝑦2 with 𝑦(2) = 1, near 𝑡 = 2. Knowing the value of
the function at 𝑡 = 2 allows us to compute the exact formula for the tangent line.

The method uses the fact that near 𝑡 = 2, the functions 𝑦 = 𝑦(𝑡) and 𝑦 = 1 + 4(𝑡 − 2) are very
close, and therefore if Δ𝑡 is small, 𝑦(2 + Δ𝑡) is close to 1 + 4Δ𝑡. The next section shows the details
of the method.
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6.1 The method

Let us consider the differential equation

𝑑𝑦

𝑑𝑡
= 𝑓 (𝑦, 𝑡) with 𝑦(𝑡0) = 𝑦0 (6.1)

We have that the slope of the solution at 𝑡0 is 𝑚0 = 𝑓 (𝑦0 , 𝑡0). Therefore a linear
approximation for the solution at 𝑡0 + Δ𝑡 is 𝑦1 = 𝑦0 + 𝑚0Δ𝑡. The generalization of this
observation leads us to the following table.

𝑡𝑖 𝑦𝑖 𝑚𝑖 = 𝑓 (𝑦𝑖 , 𝑡𝑖)
𝑡0 𝑦0 𝑚0 = 𝑓 (𝑦0 , 𝑡0)

𝑡1 = 𝑡0 + Δ𝑡 𝑦1 = 𝑦0 + 𝑚0Δ𝑡 𝑚1 = 𝑓 (𝑦1 , 𝑡1)
...

...
...

𝑡𝑖+1 = 𝑡𝑖 + Δ𝑡 𝑦𝑖+1 = 𝑦𝑖 + 𝑚𝑖Δ𝑡 𝑚𝑖+1 = 𝑓 (𝑦𝑖+1 , 𝑡𝑖+1)
...

...
...

𝑡𝑛 = 𝑡𝑛−1 + Δ𝑡 𝑦𝑛 = 𝑦𝑛−1 + 𝑚𝑛−1Δ𝑡

Notice that the values for 𝑡0 and 𝑦0 are taken from the initial value problem as well as the
formula for the 𝑚𝑖 . The Δ𝑡 is either given or it needs to be selected according to the accuracy
needs. The value 𝑦𝑖 is the estimate given by the Euler method for the value 𝑦(𝑡𝑖), where 𝑦(𝑡) is
the unknown solution of the initial value problem.

Example 61. In order to find an estimate of the solution of the initial value problem 𝑑𝑦

𝑑𝑡 = 𝑦2 − 𝑡2,
𝑦(1) = 2 evaluated at 𝑡 = 1.1 using the Euler method with Δ𝑡 = 0.02 we construct the following
table

𝑡𝑖 𝑦𝑖 𝑚𝑖 = 𝑦2
𝑖
− 𝑡2

1 2 𝑚0 = 22 − 12 = 3
1.02 𝑦1 = 2 + 3 × 0.02 = 2.06 𝑚1 = 2.062 − 1.022 = 3.2032
1.04 2.124064 3.430047876
1.06 2.192664958 3.684179616
1.08 2.266348550 3.969935749
1.1 2.345747265

The answer is the approximation for y(1.1) is 2.345747265 .

Example 62. Let us use the Euler method with a differential equation that we know how
to explicitly solve in order to compute the error. Let us consider the initial value problem
𝑑𝑦

𝑑𝑡 = 2𝑦 + e4𝑡 , 𝑦(0) = 6 and let us find the approximation for 𝑦(0.03) given by the Euler method
using Δ𝑡 = 0.01 and then let us find the error by solving the differential equation.

The Euler method is given by the following table:
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𝑡𝑖 𝑦𝑖 𝑚𝑖 = 2𝑦𝑖 + e4𝑡

0 6 𝑚0 = 2 × 6 + e0 = 13
0.01 𝑦1 = 6 + 13 × 0.01 = 6.13 13.30081077
0.02 6.263008108 13.60930328
0.03 6.399101141

The exact solution is of the form 𝑦 = 𝑦𝐻 + 𝑦𝑝 where 𝑦𝐻 = 𝑐e2𝑡 . The particular solution is of
the form 𝑦𝑝 = 𝐴e4𝑡 . Replacing 𝑦𝑝 in the differential equation we obtain that 4𝐴e4𝑡 = 2𝐴e4𝑡 + e4𝑡 .
Then, 𝐴 = 1/2. To find 𝑐 we use the initial condition, we obtain 𝑦(0) = 6 = 𝑐 + 1

2 , this is
𝑐 = 11

2 and the solution is 𝑦 = 11
2 e2𝑡 + 1

2e4𝑡 . Therefore 𝑦(0.03) = 6.403849432 and the error is
6.403849432 − 6.399101141 = 0.004748291.

6.2 Homework

For the following problems: (a) Solve the initial value problem. (b) Use Euler’s method with
Δ𝑡 = 0.01 to estimate the value of the solution at 𝑡0 + 3Δ𝑡. (c) Find the error. Round using 6
significant digits.

1. 𝑑𝑦

𝑑𝑡 = 3𝑦 + sin 𝑡, 𝑦(0) = 1. The answer to part (a) is 𝑦 = 11𝑒3𝑡

10 − 3 sin(𝑡)
10 − cos(𝑡)

10 . The answer to part
(b) is 1.09303. The answer to part (c) is 0.00160807.

Watch the worked solution↗

2. 𝑑𝑦

𝑑𝑡 = 2𝑦 + 2 + 𝑡, 𝑦(0) = 2. The answer to part (a) is 𝑦 = − 𝑡
2 + 13𝑒2𝑡

4 − 5
4 . The answer to part (b) is

2.18393. The answer to part (c) is 0.00204278

3. 𝑑𝑦

𝑑𝑡 = −3𝑦 + e4𝑡 , 𝑦(0) = 3. The answer to part (a) is 𝑦 = 20𝑒−3𝑡

7 + 𝑒4𝑡

7 . The answer to part (b) is
2.76836. The answer to part (c) is 0.003946202.

4. 𝑑𝑦

𝑑𝑡 + 1
1+𝑡 𝑦 = 𝑡, 𝑦(1) = 4. The answer to part (a) is 𝑦 = 2𝑡3+3𝑡2+43

6𝑡+6 . The answer to part (b) is
3.97075. The answer to part (c) is 0.000367758.
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CHAPTER 7

Decoupled systems

7.1 Definition

A two-dimensional system is partially decoupled if one of its differential equations depends
on only one of the unknown functions. First solve that equation, then substitute its solution
into the other equation. The integration constant from the first equation must be retained
when solving the second; it links the two solutions. The general solution of the system must
contain two constants.

General video on decoupled system Video↗

Example 63. Timestamp 3:42 Video↗ In order to find the general solution of the system{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 2
we first solve the second equation because it does not depend on the func-

tion 𝑥(𝑡). We obtain that 𝑦 = 2𝑡 + 𝑐1. Replacing in the first equation we obtain the equation

𝑑𝑥

𝑑𝑡
= 3𝑥 + 2𝑡 + 𝑐1

whose solution is 𝑥 = 𝑥𝐻 + 𝑥𝑝 with 𝑥𝐻 = 𝑐2e3𝑡 and 𝑥𝑝 = 𝐴𝑡 + 𝐵 with 𝐴, 𝐵 satisfying

𝐴 = 3(𝐴𝑡 + 𝐵) + 2𝑡 + 𝑐1 ,

this is, 𝐴 and 𝐵 need to satisfy the system

{
𝐴 = 3𝐵 + 𝑐1

0 = 3𝐴 + 2
. Then 𝐴 = −2

3 and 𝐵 = − 𝑐1
3 − 2

9 .

Therefore the general solution is given by{
𝑥 = 𝑐2e3𝑡 − 2

3 𝑡 −
𝑐1
3 − 2

9
𝑦 = 2𝑡 + 𝑐1

Example 64. Video↗ In order to find the general solution of the system

{
𝑑𝑥
𝑑𝑡 = 2𝑥
𝑑𝑦

𝑑𝑡 = 3𝑦 + 2𝑥2 we first

solve the first equation because it does not depend on the function 𝑦(𝑡). We obtain that 𝑥 = 𝑐1e2𝑡 .
Replacing in the second equation we obtain the equation

𝑑𝑦

𝑑𝑡
= 3𝑦 + 2𝑐2

1e4𝑡
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whose solution is 𝑦 = 𝑦𝐻 + 𝑦𝑝 with 𝑦𝐻 = 𝑐2e3𝑡 and 𝑦𝑝 = 𝐴e4𝑡 with 𝐴 satisfying

4𝐴e4𝑡 = 3𝐴e4𝑡 + 2𝑐2
1e4𝑡 ,

this is, 𝐴 = 2𝑐2
1. Therefore the general solution is given by{

𝑥 = 𝑐1e2𝑡

𝑦 = 𝑐2e3𝑡 + 2𝑐2
1e4𝑡

Example 65. Video↗ In order to find the general solution of the system

{
𝑑𝑥
𝑑𝑡 = 4𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 3 cos(2𝑡)
we

first solve the second equation because it does not depend on the function 𝑥(𝑡). We obtain that
𝑦 = 3

2 sin(2𝑡) + 𝑐1. Replacing in the first equation we obtain the equation

𝑑𝑥

𝑑𝑡
= 4𝑥 + 3

2 sin(2𝑡) + 𝑐1

whose solution is 𝑥 = 𝑥𝐻 + 𝑥𝑝 with 𝑥𝐻 = 𝑐2e4𝑡 and 𝑥𝑝 = 𝐴 cos(2𝑡) + 𝐵 sin(2𝑡) +𝐶 with 𝐴, 𝐵 and
𝐶 satisfying

−2𝐴 sin(2𝑡) + 2𝐵 cos(2𝑡) = 4(𝐴 cos(2𝑡) + 𝐵 sin(2𝑡) + 𝐶) + 3
2 sin(2𝑡) + 𝑐1

this is,


−2𝐴 = 4𝐵 + 3

2
2𝐵 = 4𝐴
0 = 4𝐶 + 𝑐1

Therefore 𝐶 = − 𝑐1
4 , 𝐴 = − 3

20 and 𝐵 = − 3
10 . The general solution is given by{

𝑥 = 𝑐2e4𝑡 − 3
20 cos(2𝑡) − 3

10 sin(2𝑡) − 𝑐1
4

𝑦 = 3
2 sin(2𝑡) + 𝑐1

7.2 Homework

For the following systems: (a) Find the general solution. (b) Solve the initial value problem with
𝑥(0) = −1 and 𝑦(0) = 2 and (c) Find the point (𝑥(1), 𝑦(1)) where 𝑥 and 𝑦 are the solutions of part
(b). Use 6 significant digits, no rounding

1.

{
𝑑𝑥
𝑑𝑡 = 4𝑥
𝑑𝑦

𝑑𝑡 = 2𝑦 + 2𝑥3 . The answer to part (a) must have two constants. The answer to part (b) is{
𝑥(𝑡) = −𝑒4𝑡 , 𝑦(𝑡) = 11𝑒2𝑡

5 − 𝑒12𝑡

5

}
and the answer to part (c) is (−54.5982,−32534.7)

Basic Procedures in Ordinary Differential Equations 47

https://youtu.be/l3QgbLDJ24U


OSCAR PERDOMO

2.

{
𝑑𝑥
𝑑𝑡 = −3𝑥 + 𝑦5

𝑑𝑦

𝑑𝑡 = 0
. The answer to part (a) must have two constants. The answer to part (b) is{

𝑦(𝑡) = 2, 𝑥(𝑡) = 32
3 − 35𝑒−3𝑡

3

}
and the answer to part (c) is (10.0858, 2.00000)

3.

{
𝑑𝑥
𝑑𝑡 = sin 𝑡 + 2
𝑑𝑦

𝑑𝑡 = 2𝑦 + 𝑥
. The answer to part (a) must have two constants. The answer to part

(b) is
{
𝑥(𝑡) = 2𝑡 − cos(𝑡), 𝑦(𝑡) = −𝑡 + 21𝑒2𝑡

10 − sin(𝑡)
5 + 2 cos(𝑡)

5 − 1
2

}
and the answer to part (c) is

(1.45970, 14.0648)

4.

{
𝑑𝑥
𝑑𝑡 = 3𝑥
𝑑𝑦

𝑑𝑡 = 6𝑦 + 𝑥2 . The answer to part (a) must have two constants. The answer to part (b) is{
𝑥(𝑡) = −𝑒3𝑡 , 𝑦(𝑡) = 𝑒6𝑡𝑡 + 2𝑒6𝑡} and the answer to part (c) is (−20.0855, 1210.29)

Watch the worked solution↗
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CHAPTER 8

Euler’s method for two-dimensional
systems

When we have a system of differential equations

{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑥, 𝑦, 𝑡)
𝑑𝑦

𝑑𝑡 = 𝑔(𝑥, 𝑦, 𝑡)

we notice that if we know the values of 𝑥 and 𝑦 for a particular value of 𝑡𝑖 , more precisely, if
we know that 𝑥(𝑡𝑖) = 𝑥𝑖 and 𝑦(𝑡𝑖) = 𝑦𝑖 , then we can compute the slopes of the tangent lines of
the graphs 𝑥 = 𝑥(𝑡) and 𝑦 = 𝑦(𝑡), at 𝑡 = 𝑡𝑖 . We have that the slope of the tangent line for the
solution 𝑥(𝑡) at 𝑡𝑖 is 𝑚𝑖 = 𝑓 (𝑥𝑖 , 𝑦𝑖 , 𝑡𝑖) and the slope of the tangent line for the solution 𝑦(𝑡) at 𝑡𝑖 is
𝑛𝑖 = 𝑔(𝑥𝑖 , 𝑦𝑖 , 𝑡𝑖). For example, for the system

{
𝑑𝑥
𝑑𝑡 = 𝑥2 − 𝑦 − 𝑡
𝑑𝑦

𝑑𝑡 = 𝑡 + 𝑦2 − 𝑥
with 𝑥(1) = 2 and 𝑦(1) = −3 (8.1)

We know that the solution 𝑥(𝑡) not only satisfies that 𝑥(1) = 2 but the slope of the tangent
line at (1, 2) is 𝑓 (𝑥, 𝑦, 𝑡) = 𝑥2 − 𝑦 − 𝑡 evaluated at 𝑥 = 2, 𝑡 = 1 and 𝑦 = −3, this is, the slope is
22 − (−3) − 1 = 6. Likewise, the solution 𝑦(𝑡) not only satisfies that 𝑦(1) = −3 but the slope of the
tangent line at (1,−3) is 𝑔(𝑥, 𝑦, 𝑡) = 𝑡 + 𝑦2 − 𝑥 evaluated at 𝑥 = 2, 𝑡 = 1 and 𝑦 = −3, this is, the
slope is 1 + (−3)2 − 2 = 8. Figure 8.1 shows the solutions 𝑥(𝑡) and 𝑦(𝑡) near 𝑡 = 1.

0.8 0.9 1.0 1.1 1.2 1.3 1.4
t

-10

-5

5

10

x,y

Figure 8.1. Solution for the system 8.3 near 𝑡 = 1. Knowing the values of both functions at 𝑡 = 1 allows us
to compute the exact formulas for their tangent lines

With this observation in mind, we can extend Euler’s method from Chapter 6 to systems of
differential equations. The next section gives the details.
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8.1 The method

Let us consider the system of differential equations

{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑥, 𝑦, 𝑡)
𝑑𝑦

𝑑𝑡 = 𝑔(𝑥, 𝑦, 𝑡)
with 𝑥(𝑡0) = 𝑥0 and 𝑦(𝑡0) = 𝑦0 (8.2)

Following the same reasoning as for the Euler method for first order differential equations, it
follows that the Euler method for the system (8.2) is given by the following table.

𝑡𝑖 𝑥𝑖 𝑦𝑖 𝑚𝑖 = 𝑓 (𝑥𝑖 , 𝑦𝑖 , 𝑡𝑖) 𝑛𝑖 = 𝑔(𝑥𝑖 , 𝑦𝑖 , 𝑡𝑖)

𝑡0 𝑥0 𝑦0 𝑚0 = 𝑓 (𝑥0 , 𝑦0 , 𝑡0) 𝑛0 = 𝑔(𝑥0 , 𝑦0 , 𝑡0)

𝑡1 = 𝑡0 + Δ𝑡
𝑥1 = 𝑥0 +
𝑚0Δ𝑡

𝑦1 = 𝑦0 +
𝑛0Δ𝑡

𝑚1 = 𝑓 (𝑥1 , 𝑦1 , 𝑡1) 𝑛1 = 𝑔(𝑥1 , 𝑦1 , 𝑡1)
...

...
...

...
...

𝑡𝑖+1 = 𝑡𝑖 + Δ𝑡
𝑥𝑖+1 = 𝑥𝑖 +
𝑚𝑖Δ𝑡

𝑦𝑖+1 = 𝑦𝑖 +
𝑛𝑖Δ𝑡

𝑚𝑖+1 =

𝑓 (𝑥𝑖+1 , 𝑦𝑖+1 , 𝑡𝑖+1)
𝑛𝑖+1 =

𝑓 (𝑥𝑖+1 , 𝑦𝑖+1 , 𝑡𝑖+1)
...

...
...

...
...

𝑡𝑛 = 𝑡𝑛−1+Δ𝑡
𝑥𝑛 = 𝑥𝑛−1 +
𝑚𝑛−1Δ𝑡

𝑦𝑛 = 𝑦𝑛−1 +
𝑛𝑛−1Δ𝑡

Example 66. Let us find the approximation given by Euler’s method with Δ𝑡 = 0.01 to estimate
at 𝑡 = 0.03 the solution of the initial value problem{

𝑑𝑥
𝑑𝑡 = 𝑥2 − 𝑦 − 𝑡
𝑑𝑦

𝑑𝑡 = 𝑡 + 𝑦2 − 𝑥
with 𝑥(1) = 2 and 𝑦(1) = −3 (8.3)

Notice that 𝑡0 = 1, 𝑥0 = 2, 𝑦0 = −3, 𝑚𝑖 = 𝑥2
𝑖
− 𝑦𝑖 − 𝑡𝑖 and 𝑛𝑖 = 𝑡𝑖 + 𝑦2

𝑖
− 𝑥𝑖 . Therefore,

𝑡𝑖 𝑥𝑖 𝑦𝑖 𝑚𝑖 𝑛𝑖

1 2 −3 6 8
1.01 2.06 −2.92 6.1536 7.4764
1.02 2.121536 −2.845236 6.326150999 6.993831896
1.03 2.18479751 −2.775297681

Therefore the approximation given by the Euler Method for 𝑥(1.03) is 2.18479751 and for
𝑦(1.03) is −2.775297681.

8.2 Changing a second order differential equation into a system of equations

In this section we explain how we can use Euler’s Method to estimate the solution of second
order differential equations. Let us consider the following initial value problem

𝑑2𝑦

𝑑𝑡2 = 𝑓 (𝑑𝑦
𝑑𝑡

, 𝑦, 𝑡), 𝑦(𝑡0) = 𝑦0 ,
𝑑𝑦

𝑑𝑡
(𝑡0) = 𝑦′0 (8.4)
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In the expression above, 𝑓 ( 𝑑𝑦𝑑𝑡 , 𝑦, 𝑡) is an expression that depends on 𝑡, 𝑦 and 𝑑𝑦

𝑑𝑡 . The initial
value problem (8.4) can be changed into a first order system by creating a new function 𝑥(𝑡) and
making it equal to 𝑑𝑦

𝑑𝑡 .

{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑥, 𝑦, 𝑡), 𝑥(𝑡0) = 𝑦′0
𝑑𝑦

𝑑𝑡 = 𝑥, 𝑦(𝑡0) = 𝑦0
(8.5)

Let us go through an example.

Example 67. The initial value problem 𝑑2𝑦

𝑑𝑡2 + 𝑡( 𝑑𝑦𝑑𝑡 )2 = 3𝑦2 − 𝑡, 𝑦(1) = 2, 𝑑𝑦

𝑑𝑡 (1) = −3 can be written
as 𝑑2𝑦

𝑑𝑡2 = 3𝑦2 − 𝑡 − 𝑡( 𝑑𝑦𝑑𝑡 )2 = 𝑓 ( 𝑑𝑦𝑑𝑡 , 𝑦, 𝑡). Since 𝑥 =
𝑑𝑦

𝑑𝑡 , then

𝑑𝑥

𝑑𝑡
=

𝑑2𝑦

𝑑𝑡2

and 𝑥(1) =
𝑑𝑦

𝑑𝑡 (1) = −3. Therefore we can solve the second order differential equation by
solving the system

{
𝑑𝑥
𝑑𝑡 = 3𝑦2 − 𝑡 − 𝑡𝑥2 , 𝑥(1) = −3
𝑑𝑦

𝑑𝑡 = 𝑥, 𝑦(1) = 2
(8.6)

We can estimate the value of 𝑦(1.03) by applying Euler’s method to the system (8.6). If we use
Δ𝑡 = 0.01 we obtain that,

𝑡𝑖 𝑥𝑖 𝑦𝑖 𝑚𝑖 𝑛𝑖

1 −3 2 2 −3
1.01 −2.98 1.97 1.663496 −2.98
1.02 −2.96336504 1.9402 1.315965112 −2.96336504
1.03 −2.950205389 1.91056635

It follows that the approximation for 𝑦(1.03) given by Euler’s method is 1.91056635. The value
−2.950205389 is the approximation for 𝑦′(1.03) provided by Euler’s method

Example 68.

Watch this example

A second-order equation and Euler’s method
Watch the conversion to a first-order system and the numerical approximation developed in the
example below.

Using the techniques we learned in the previous section we can deduce that the solution
of the initial value problem 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 2𝑦 = 10e2𝑡 , 𝑦(0) = 2, 𝑑𝑦

𝑑𝑡 (0) = 1 is 𝑦(𝑡) = 𝑒2𝑡 + 𝑒−𝑡 cos(𝑡).
Therefore we have that 𝑦(0.03) = 2.031845412. Let us check the error of Euler’s method when we
use it to estimate 𝑦(0.03) with Δ𝑡 = 0.01. The first order system associated with the second order
differential equation is

Basic Procedures in Ordinary Differential Equations 51

https://www.youtube.com/watch?v=NWOyj-oZFqw


OSCAR PERDOMO

{
𝑑𝑥
𝑑𝑡 = 10e2𝑡 − 2𝑥 − 2𝑦, 𝑥(0) = 1
𝑑𝑦

𝑑𝑡 = 𝑥, 𝑦(0) = 2
(8.7)

We can estimate the value of 𝑦(0.03) by applying Euler’s method with Δ𝑡 = 0.01 we get,

𝑡𝑖 𝑥𝑖 𝑦𝑖 𝑚𝑖 𝑛𝑖

0 1 2 4 1
0.01 1.04 2.01 4.1020134 1.04
0.02 1.081020134 2.0204 4.205267474 1.081020134
0.03 1.123072809 2.031210201

It follows that the approximation for 𝑦(0.03) is 2.031210201. Therefore the error is |2.031845412−
2.031210201| = 0.000635211

8.3 Homework

1. Use the Euler method with Δ𝑡 = 0.01 to estimate at 𝑡 = 1.03, the solution of the system{
𝑑𝑥
𝑑𝑡 = 𝑥𝑦 − 𝑥 + 6𝑡
𝑑𝑦

𝑑𝑡 = 𝑥 + 𝑡 − 𝑦2 with 𝑥(1) = 1 and 𝑦(1) = −2

Answer: 𝑥(1.03) ≈ 1.088481102, 𝑦(1.03) = −2.061241545.

2. Use the Euler method with Δ𝑡 = 0.01 to estimate at 𝑡 = −1.97, the solution of the system{
𝑑𝑥
𝑑𝑡 = 6𝑡2 − 𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 𝑡 + 𝑥2 + 𝑦 + 2
with 𝑥(−2) = 3 and 𝑦(−2) = 0

Answer: 𝑥(−1.97) ≈ 3.619406350, 𝑦(−1.97) = 0.3128997096.

3. Change the initial value problem into a first order system. 𝑑2𝑦

𝑑𝑡2 + 2𝑦2 𝑑𝑦

𝑑𝑡 − 3 sin 𝑦 = 2𝑡2, 𝑦(2) = 3,
𝑦′(2) = −2

Answer:

{
𝑑𝑥
𝑑𝑡 = 2𝑡2 + 3 sin 𝑦 − 2𝑦2𝑥
𝑑𝑦

𝑑𝑡 = 𝑥
with 𝑥(2) = −2 and 𝑦(2) = 3

4. Solve the initial value problem and use Euler’s method to estimate 𝑦(0.03). Then use the exact
solution to find the error.
𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 − 3𝑦 = 6𝑡, 𝑦(0) = 3, 𝑑𝑦

𝑑𝑡 (0) = −6. Answer: (a) 𝑦(𝑡) = −2𝑡 + 25𝑒−3𝑡

12 + 9𝑒 𝑡
4 − 4

3 , (b) 2.826246
and the error is 0.002966671.

5. Solve the initial value problem and use Euler’s method to estimate 𝑦(0.03). Then use the exact
solution to find the error.
𝑑2𝑦

𝑑𝑡2 − 5 𝑑𝑦

𝑑𝑡 + 6𝑦 = 52 sin(3𝑡), 𝑦(0) = 2, 𝑑𝑦

𝑑𝑡 (0) = 0. Answer: (a) 𝑦(𝑡) = −6𝑒2𝑡 + 14𝑒3𝑡

3 − 2
3 sin(3𝑡) +

10
3 cos(3𝑡), (b) 1.996495977 and the error is 0.001445188.
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6. Solve the initial value problem and use Euler’s method to estimate 𝑦(0.03). Then use the exact
solution to find the error.
𝑑2𝑦

𝑑𝑡2 − 6 𝑑𝑦

𝑑𝑡 + 9𝑦 = 2e3𝑡 , 𝑦(0) = −1, 𝑑𝑦

𝑑𝑡 (0) = 3. Answer: (a) 𝑦(𝑡) = 𝑒3𝑡𝑡2 + 6𝑒3𝑡𝑡 − 𝑒3𝑡 , (b)
−0.9011469091 and the error is 0.0049087533.

7. 𝑑2𝑦

𝑑𝑡2 + 4𝑦 = 4, 𝑦(0) = 1, 𝑑𝑦

𝑑𝑡 (0) = −2. Answer: (a) 𝑦(𝑡) = 1 − sin(2𝑡), (b) 0.940008 and the error is
0.0000279935.
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CHAPTER 9

Solving linear systems

This chapter develops procedures for solving linear systems of the form{
𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦

9.1 Eigenvalues and eigenvectors of a 2 by 2 matrix

The first goal of this section is to explain how to compute the eigenvalues and eigenvectors of a
2 × 2 matrix. General video on eigenvalues and eigenvectors for 2 by 2 matrices Video↗

Definition 10.

For the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
we define the trace of 𝐴 and the determinant of 𝐴 as

Tr(𝐴) = 𝑎 + 𝑑 and Det(𝐴) = 𝑎𝑑 − 𝑏𝑐

The characteristic equation of 𝐴 is the equation,

𝜆2 − Tr(𝐴)𝜆 + Det(𝐴) = 0

Example 69. If 𝐴 =

(
3 2
−2 4

)
, then Tr(𝐴) = 3 + 4 = 7, Det(𝐴) = 3 × 4 − 2 × (−2) = 16 and the

characteristic equation is 𝜆2 − 7𝜆 + 16 = 0.

Definition 11. The product of the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
with the vector 𝑣 =

(
𝑣1

𝑣2

)
is the vector

𝐴𝑣 =

(
𝑎𝑣1 + 𝑏𝑣2

𝑐𝑣1 + 𝑑𝑣2

)

We say that a vector 𝑣 ≠

(
0
0

)
is an eigenvector of 𝐴 if 𝐴𝑣 = 𝜆𝑣 for some complex number

𝜆. The number 𝜆 is called an eigenvalue of 𝐴.
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Example 70. Let 𝐴 be the matrix 𝐴 =

(
4 1
−5 −2

)
. The vector 𝑣 =

(
1
2

)
is not an eigenvector of 𝐴

because

𝐴𝑣 =

(
4 1
−5 −2

) (
1
2

)
=

(
6
−9

)
is not a multiple of

(
1
2

)
. On the other hand, the vector 𝑤 =

(
1
−1

)
is an eigenvector of 𝐴 because

𝐴𝑤 =

(
4 1
−5 −2

) (
1
−1

)
=

(
3
−3

)
= 3

(
1
−1

)
= 3𝑤

Since 𝐴𝑤 = 3𝑤, then 3 is an eigenvalue of 𝐴. Notice that the vector 𝑢 =

(
8
−8

)
is also an

eigenvector of 𝐴 since we can check that 𝐴𝑢 = 3𝑢. It is easy to check that an eigenvector multiplied
by any nonzero number is again an eigenvector.

Example 71. Timestamp 5:15 Video↗ The vector 𝑣 =

(
1
𝑖

)
is an eigenvector of the matrix

(
0 1
−1 0

)
because

𝐴𝑣 =

(
0 1
−1 0

) (
1
𝑖

)
=

(
𝑖

−1

)
= 𝑖

(
1
𝑖

)
= 𝑖𝑣

Since 𝐴𝑣 = 𝑖𝑣 we conclude that 𝑖 is an eigenvalue of 𝐴.

The next theorem is at Timestamp 7:02 Video↗

Theorem 7. A complex number or a real number 𝜆 is an eigenvalue of 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
if and

only if 𝜆 satisfies the quadratic equation

𝜆2 − Tr(𝐴)𝜆 + Det(𝐴) = 0

Example 72. Timestamp 15:50 Video↗ Let us compute the eigenvalues of 𝐴 =

(
4 1
−5 −2

)
. Since

Tr(𝐴) = 2 and Det(𝐴) = −3, then, the characteristic equation of 𝐴 is 𝜆2 − 2𝜆 − 3 = 0 and the
eigenvalues of 𝐴 are 𝜆1 = −1 and 𝜆2 = 3
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Example 73. Let us compute the eigenvalues of 𝐴 =

(
8 3

−12 −4

)
. Since Tr(𝐴) = 4 and Det(𝐴) = 4,

then, the characteristic equation of 𝐴 is 𝜆2 − 4𝜆 + 4 = 0 and 𝐴 has only one eigenvalue. We write
𝜆1 = 𝜆2 = 2

Example 74. Let us compute the eigenvalues of 𝐴 =

(
2 2
−2 2

)
. Since Tr(𝐴) = 4 and Det(𝐴) = 8,

then, the characteristic equation of 𝐴 is 𝜆2 − 4𝜆 + 8 = 0 and the eigenvalues of 𝐴 are 𝜆1 = 2 + 2𝑖
and 𝜆2 = 2 − 2𝑖

The following theorem tells us how to compute the eigenvectors

Theorem 8. If 𝜆 is an eigenvalue of the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
, then the system{

(𝑎 − 𝜆)𝑥 + 𝑏𝑦 = 0
𝑐𝑥 + (𝑑 − 𝜆)𝑦 = 0

has infinitely many solutions. Moreover any solution 𝑣 =

(
𝑥

𝑦

)
satisfies that 𝐴𝑣 = 𝜆𝑣, and therefore 𝑣 =

(
𝑥

𝑦

)
is an eigenvector as long as 𝑣 ≠

(
0
0

)

Example 75. The matrix in Example 72 has 3 as an eigenvalue. To compute an eigenvector
associated with this eigenvalue we solve the system{

(4 − 3)𝑥 + 1𝑦 = 0
−5𝑥 + (−2 − 3)𝑦 = 0

or equivalently

{
𝑥 + 𝑦 = 0
−5𝑥 − 5𝑦 = 0

Therefore 𝑣 =

(
1
−1

)
is an eigenvector that satisfies 𝐴𝑣 = 3𝑣. Notice that we could have chosen

𝑣 =

(
−
√

2√
2

)
as an eigenvector.

Example 76. The matrix in Example 74 has 2 + 2𝑖 as an eigenvalue. To compute an eigenvector
associated with this eigenvalue we solve the system{

(2 − (2 + 2𝑖))𝑥 + 2𝑦 = 0
−2𝑥 + (2 − (2 + 2𝑖))𝑦 = 0

or equivalently

{
−2𝑖𝑥 + 2𝑦 = 0
−2𝑥 − 2𝑖𝑦 = 0

Therefore 𝑣 =

(
1
𝑖

)
is an eigenvector that satisfies 𝐴𝑣 = (2 + 2𝑖)𝑣.
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9.2 Case I: 𝐴 has two different real eigenvalues

General video explaining this case Video↗

Theorem 9. If the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
has two different real eigenvalues 𝜆1 and 𝜆2 and 𝑣

and 𝑤 are eigenvectors with 𝐴𝑣 = 𝜆1𝑣 and 𝐴𝑤 = 𝜆2𝑤, then the general solution 𝑥(𝑡) and
𝑦(𝑡) of the system {

𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦

is given by (
𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤

Example 77. Timestamp 16:05 Video↗ From examples 72 and 75 we have that the matrix

𝐴 =

(
4 1
−5 −2

)
has eigenvalues 3 and −1 and the vector 𝑣 =

(
1
−1

)
satisfies 𝐴𝑣 = 3𝑣. Using the

theorem above, we have that if we want to find the general solution of the system{
𝑑𝑥
𝑑𝑡 = 4𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 2𝑦

then we need to find an eigenvector 𝑤 associated with the eigenvalue 𝜆 = −1. Using Theorem
8 we have that this vector 𝑤 can be found from the linear system{

(4 + 1)𝑥 + 1𝑦 = 0
−5𝑥 + (−2 + 1)𝑦 = 0

or equivalently

{
5𝑥 + 𝑦 = 0
−5𝑥 − 𝑦 = 0

Clearly 𝑤 =

(
1
−5

)
is a solution. Therefore using Theorem 9 we obtain that(

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e3𝑡

(
1
−1

)
+ 𝑐2e−𝑡

(
1
−5

)
or equivalently

𝑥 = 𝑐1e3𝑡 + 𝑐2e−𝑡 and 𝑦 = −𝑐1e3𝑡 − 5𝑐2e−𝑡
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9.3 Case II: 𝐴 has two different non-real eigenvalues

Before starting this section it is a good idea to remember that for any 𝜆 = 𝛼 + 𝛽𝑖 we have that
e𝜆𝑡 = e𝛼𝑡

(
cos(𝛽𝑡) + 𝑖 sin(𝛽𝑡)

)
. Also, it is a good idea to remember that for a complex expression

𝑓 (𝑧), the real part Re( 𝑓 (𝑧)) and the imaginary part Im( 𝑓 (𝑧)) are two expressions with no complex
numbers in them, such that

𝑓 (𝑧) = Re( 𝑓 (𝑧)) + 𝑖 Im( 𝑓 (𝑧))

In other words, to find the real and imaginary parts of an expression 𝑓 (𝑧) we need to expand
the expression and collect all the terms that have an 𝑖. The coefficient of 𝑖 is the imaginary part
and the other terms that do not have 𝑖 constitute the real part.

General video explaining this case Video↗

Theorem 10. If the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
has two different eigenvalues 𝜆1 = 𝛼 + 𝛽𝑖 and

𝜆2 = 𝛼 − 𝛽𝑖 with 𝛽 > 0, and 𝑣 is an eigenvector with 𝐴𝑣 = 𝜆1𝑣, then the general solution
𝑥(𝑡) and 𝑦(𝑡) of the system {

𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦

is given by

(
𝑥(𝑡)
𝑦(𝑡)

)
=

𝑐1e𝛼𝑡Re[
(
cos(𝛽𝑡) + 𝑖 sin(𝛽𝑡)

)
𝑣] + 𝑐2e𝛼𝑡Im[

(
cos(𝛽𝑡) + 𝑖 sin(𝛽𝑡)

)
𝑣]

Example 78. Timestamp 6:10 Video↗ From examples 74 and 76 we have that 2+2𝑖 is an eigenvalue

of the matrix 𝐴 =

(
2 2
−2 2

)
and the vector 𝑣 =

(
1
𝑖

)
satisfies 𝐴𝑣 = (2 + 2𝑖)𝑣. Using the theorem

above, we have that, in order to find the general solution of the system{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = −2𝑥 + 2𝑦

we need to find the real and imaginary parts of e(2+2𝑖)𝑡𝑣. Let us do this,

e(2+2𝑖)𝑡𝑣 = e2𝑡(cos(2𝑡) + 𝑖 sin(2𝑡))
(
1
𝑖

)
=

(
e2𝑡(cos(2𝑡) + 𝑖 sin(2𝑡))

e2𝑡(𝑖 cos(2𝑡) + 𝑖2 sin(2𝑡))

)
=

(
e2𝑡(cos(2𝑡) + 𝑖 sin(2𝑡))

e2𝑡(− sin(2𝑡) + 𝑖 cos(2𝑡))

)
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Therefore, Re[e(2+2𝑖)𝑡𝑣] =

(
e2𝑡 cos(2𝑡)
−e2𝑡 sin(2𝑡)

)
and Im[e(2+2𝑖)𝑡𝑣] =

(
e2𝑡 sin(2𝑡)
e2𝑡 cos(2𝑡)

)
and the general

solution of the system is (
𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1

(
e2𝑡 cos(2𝑡)
−e2𝑡 sin(2𝑡)

)
+ 𝑐2

(
e2𝑡 sin(2𝑡)
e2𝑡 cos(2𝑡)

)
or equivalently,

𝑥(𝑡) = 𝑐1e2𝑡 cos(2𝑡) + 𝑐2e2𝑡 sin(2𝑡) and 𝑦(𝑡) = −𝑐1e2𝑡 sin(2𝑡) + 𝑐2e2𝑡 cos(2𝑡)

9.4 Case III: 𝐴 has only one eigenvalue

This case is easier than the previous two but different. Here there are two reasons why this case
is different. First, we do not need to find eigenvectors and, second, if we are presented with an
initial value problem with initial conditions at 𝑡 = 0, then, we do not need to find the general
solution first; the method allows us to find the solution of this initial value problem right away.

General video explaining this case Video↗

Theorem 11. If the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
has only one eigenvalue 𝜆1 = 𝜆2 = 𝜆 then, the

solution of the initial value problem{
𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦
with 𝑥(0) = 𝑥0 𝑦(0) = 𝑦0

is (
𝑥(𝑡)
𝑦(𝑡)

)
= e𝜆𝑡𝑉0 + 𝑡e𝜆𝑡𝑉1

where,

𝑉0 =

(
𝑥0

𝑦0

)
and 𝑉1 =

(
𝑎 − 𝜆 𝑏

𝑐 𝑑 − 𝜆

)
𝑉0

If we want to find the general solution we just change 𝑉0 =

(
𝑥0

𝑦0

)
by 𝑉0 =

(
𝑐1

𝑐2

)

Example 79. Timestamp 3:57 Video↗ From example 73 we have that 2 is the only eigenvalue of

the matrix 𝐴 =

(
8 3

−12 −4

)
Using the theorem above, we have that if we want to find the general

solution of the system
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{
𝑑𝑥
𝑑𝑡 = 8𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = −12𝑥 − 4𝑦

then we just compute the vectors 𝑉0 =

(
𝑐1

𝑐2

)
and

𝑉1 =

(
8 − 2 3
−12 −4 − 2

) (
𝑐1

𝑐2

)
=

(
6 3

−12 −6

) (
𝑐1

𝑐2

)
=

(
6𝑐1 + 3𝑐2

−12𝑐1 − 6𝑐2

)
The general solution is (

𝑥(𝑡)
𝑦(𝑡)

)
= e2𝑡

(
𝑐1

𝑐2

)
+ 𝑡e2𝑡

(
6𝑐1 + 3𝑐2

−12𝑐1 − 6𝑐2

)
or equivalently,

𝑥(𝑡) = 𝑐1e2𝑡 + (6𝑐1 + 3𝑐2)𝑡e2𝑡 and 𝑦(𝑡) = 𝑐2e2𝑡 − (12𝑐1 + 6𝑐2)𝑡e2𝑡

Example 80. Let us solve the following initial value problem{
𝑑𝑥
𝑑𝑡 = 𝑥 + 8𝑦
𝑑𝑦

𝑑𝑡 = −2𝑥 − 7𝑦
with 𝑥(0) = 2, 𝑦(0) = −3

We first compute the matrix of the system. In this case we have that 𝐴 =

(
1 8
−2 −7

)
. We have

that Tr(𝐴) = −6, Det(𝐴) = 9 and the characteristic equation of 𝐴 is 𝜆2 + 6𝜆 + 9 = 0. This time the
only solution of the characteristic equation is 𝜆1 = 𝜆2 = −3. Since −3 is the only eigenvalue of 𝐴,

then we can use Theorem 11 to find the solution. We have that 𝑉0 =

(
2
−3

)
and

𝑉1 =

(
1 + 3 8
−2 −7 + 3

) (
2
−1

)
=

(
4 8
−2 −4

) (
2
−3

)
=

(
−16

8

)
Therefore, the solution of the initial value problem is(

𝑥(𝑡)
𝑦(𝑡)

)
= e−3𝑡

(
2
−3

)
+ 𝑡e−3𝑡

(
−16

8

)
or equivalently,

𝑥(𝑡) = 2e−3𝑡 − 16𝑡e−3𝑡 and 𝑦(𝑡) = −3e−3𝑡 + 8𝑡e−3𝑡
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9.5 More examples

This section gives further examples of the cases introduced above.

Example 81. Let us find the general solution of the system{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = 2𝑦

We first compute the matrix of the system. In this case we have that 𝐴 =

(
2 3
0 2

)
. We have that

Tr(𝐴) = 4, Det(𝐴) = 4 and the characteristic equation of 𝐴 is 𝜆2 − 4𝜆 + 4 = 0. The only solution of
the characteristic equation is 𝜆1 = 𝜆2 = 2. Since 2 is the only eigenvalue of 𝐴, then we can use

Theorem 11 to find the solution. Since we are looking for the general solution, we take 𝑉0 =

(
𝑐1

𝑐2

)
and,

𝑉1 =

(
2 − 2 3

0 2 − 2

) (
𝑐1

𝑐2

)
=

(
0 3
0 0

) (
𝑐1

𝑐2

)
=

(
3𝑐2

0

)
Therefore, the general solution is given by(

𝑥(𝑡)
𝑦(𝑡)

)
= e2𝑡

(
𝑐1

𝑐2

)
+ 𝑡e2𝑡

(
3𝑐2

0

)
or equivalently,

𝑥(𝑡) = 𝑐1e2𝑡 + 3𝑐2𝑡e2𝑡 and 𝑦(𝑡) = 𝑐2e2𝑡

Example 82. Let us solve the following initial value problem{
𝑑𝑥
𝑑𝑡 = 5𝑥 − 3𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 + 7𝑦
with 𝑥(0) = 2, 𝑦(0) = −4

We first compute the matrix of the system. In this case we have that 𝐴 =

(
5 −3
−5 7

)
. We have

that Tr(𝐴) = 12, Det(𝐴) = 20 and the characteristic equation of 𝐴 is 𝜆2 − 12𝜆 + 20 = 0. The
solutions of the characteristic equation are 𝜆1 = 2 and 𝜆2 = 10.

We proceed to compute the eigenvectors using Theorem 8. To compute the eigenvector
associated with the eigenvalue 𝜆1 = 2 we solve the system{

(5 − 2)𝑥 − 3𝑦 = 0
−5𝑥 + (7 − 2)𝑦 = 0

or equivalently

{
3𝑥 − 3𝑦 = 0
−5𝑥 + 5𝑦 = 0
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Clearly 𝑣 =

(
1
1

)
is a solution and therefore 𝑣 is an eigenvector of the eigenvalue 𝜆1 = 2. To

compute the eigenvector associated with the eigenvalue 𝜆2 = 10 we solve the system{
(5 − 10)𝑥 − 3𝑦 = 0
−5𝑥 + (7 − 10)𝑦 = 0

or equivalently

{
−5𝑥 − 3𝑦 = 0
−5𝑥 − 3𝑦 = 0

Clearly 𝑤 =

(
−3
5

)
is a solution and therefore 𝑤 is an eigenvector of the eigenvalue 𝜆1 = 10.

Therefore using Theorem 9 we obtain that the general solution is given by(
𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e2𝑡

(
1
1

)
+ 𝑐2e10𝑡

(
−3
5

)
or equivalently,

𝑥(𝑡) = 𝑐1e2𝑡 − 3𝑐2e10𝑡 and 𝑦(𝑡) = 𝑐1e2𝑡 + 5𝑐2e10𝑡

Using the initial conditions we find that 𝑐1 and 𝑐2 need to satisfy the following conditions.

𝑐1 − 3𝑐2 = 2 and 𝑐1 + 5𝑐2 = −4

which give us that 𝑐1 = −1
4 , and 𝑐2 = − 3

4 . Therefore the solution of the initial value problem is

𝑥(𝑡) = −1
4e2𝑡 + 9

4e10𝑡 and 𝑦(𝑡) = −1
4e2𝑡 − 15

4 e10𝑡

Example 83. Let us solve the following initial value problem{
𝑑𝑥
𝑑𝑡 = 2𝑦
𝑑𝑦

𝑑𝑡 = −2𝑥
with 𝑥(0) = 2, 𝑦(0) = −1

We first compute the matrix of the system. In this case we have that 𝐴 =

(
0 2
−2 0

)
. We have

that Tr(𝐴) = 0, Det(𝐴) = 4 and the characteristic equation of 𝐴 is 𝜆2 + 4 = 0. The solutions of
the characteristic equation are 𝜆1 = 2𝑖 and 𝜆2 = −2𝑖. In this case we only need to compute the
eigenvector associated with 𝜆1 = 2𝑖. To compute this eigenvector we solve the system{

(0 − 2𝑖)𝑥 + 2𝑦 = 0
−2𝑥 + (0 − 2𝑖)𝑦 = 0

or equivalently

{
−2𝑖𝑥 + 2𝑦 = 0
−2𝑥 − 2𝑖𝑦 = 0

the vector 𝑣 =

(
1
𝑖

)
satisfies both equations and therefore it is an eigenvector. In order to find

the general solution we need to find the real and imaginary parts of e2𝑖𝑡𝑣. Let us do this,
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e2𝑖𝑡𝑣 = (cos(2𝑡) + 𝑖 sin(2𝑡))
(
1
𝑖

)
=

(
cos(2𝑡) + 𝑖 sin(2𝑡)
𝑖 cos(2𝑡) + 𝑖2 sin(2𝑡)

)
=

(
cos(2𝑡) + 𝑖 sin(2𝑡)
− sin(2𝑡) + 𝑖 cos(2𝑡)

)
Therefore, Re[e2𝑖𝑡𝑣] =

(
cos(2𝑡)
− sin(2𝑡)

)
and Im[e2𝑖𝑡𝑣] =

(
sin(2𝑡)
cos(2𝑡)

)
and the general solution of the

system is (
𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1

(
cos(2𝑡)
− sin(2𝑡)

)
+ 𝑐2

(
sin(2𝑡)
cos(2𝑡)

)
or equivalently,

𝑥(𝑡) = 𝑐1 cos(2𝑡) + 𝑐2 sin(2𝑡) and 𝑦(𝑡) = −𝑐1 sin(2𝑡) + 𝑐2 cos(2𝑡)

Using the initial conditions we find that 𝑐1 and 𝑐2 need to satisfy the following conditions
𝑐1 = 2 and 𝑐2 = −1. Therefore the solution of the initial value problem is

𝑥(𝑡) = 2 cos(2𝑡) − sin(2𝑡) and 𝑦(𝑡) = −2 sin(2𝑡) − cos(2𝑡)

9.6 Homework

1. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 11𝑥 + 10𝑦
𝑑𝑦

𝑑𝑡 = −13𝑥 − 11𝑦
, 𝑥(0) = 1, 𝑦(0) = −1. Answer: 𝑥(𝑡) =

1
3 sin(3𝑡) + cos(3𝑡), 𝑦(𝑡) = − 2

3 sin(3𝑡) − cos(3𝑡).

2. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 5𝑥 − 2𝑦
𝑑𝑦

𝑑𝑡 = 2𝑥 + 𝑦
, 𝑥(0) = 3, 𝑦(0) = −2. Answer: 𝑥(𝑡) =

10𝑒3𝑡𝑡 + 3𝑒3𝑡 , 𝑦(𝑡) = 10𝑒3𝑡𝑡 − 2𝑒3𝑡 .

3. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 + 3𝑦
, 𝑥(0) = 0, 𝑦(0) = −3. Answer: 𝑥(𝑡) =

2𝑒 𝑡 − 2𝑒4𝑡 , 𝑦(𝑡) = −𝑒 𝑡 − 2𝑒4𝑡 .

4. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = 3𝑥 + 2𝑦
, 𝑥(0) = 2, 𝑦(0) = 0 Answer: 𝑥(𝑡) = 𝑒−𝑡 +

𝑒5𝑡 , 𝑦(𝑡) = 𝑒5𝑡 − 𝑒−𝑡 .

5. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = −3𝑥 + 2𝑦
,𝑥(0) = 2, 𝑦(0) = 1. Answer: 𝑥(𝑡) =

𝑒2𝑡 sin(3𝑡) + 2𝑒2𝑡 cos(3𝑡), 𝑦(𝑡) = 𝑒2𝑡 cos(3𝑡) − 2𝑒2𝑡 sin(3𝑡)

6. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = −13𝑥 − 2𝑦
, 𝑥(0) = 4, 𝑦(0) = 1. Answer: 𝑥(𝑡) =

3 sin(3𝑡) + 4 cos(3𝑡), 𝑦(𝑡) = cos(3𝑡) − 18 sin(3𝑡).
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7. Solve the initial value problem

{
𝑑𝑥
𝑑𝑡 = 4𝑥 − 𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 + 2𝑦
, 𝑥(0) = −3, 𝑦(0) = 2. Answer: 𝑥(𝑡) =

−5𝑒3𝑡𝑡 − 3𝑒3𝑡 , 𝑦(𝑡) = −5𝑒3𝑡𝑡 + 2𝑒3𝑡 .

8. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 3𝑦
, 𝑥(0) = 1, 𝑦(0) = −2. Answer: 𝑥(𝑡) =

cos(𝑡) − sin(𝑡), 𝑦(𝑡) = sin(𝑡) − 2 cos(𝑡).

9. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 5𝑦
𝑑𝑦

𝑑𝑡 = −4𝑥 − 5𝑦
, 𝑥(0) = 1, 𝑦(0) = −2. Answer: 𝑥(𝑡) =

𝑒−𝑡 cos(2𝑡) − 3𝑒−𝑡 sin(2𝑡), 𝑦(𝑡) = 2𝑒−𝑡 sin(2𝑡) − 2𝑒−𝑡 cos(2𝑡).

10. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 − 2𝑦
𝑑𝑦

𝑑𝑡 = −6𝑥 + 4𝑦
, 𝑥(0) = 7, 𝑦(0) = 14. Answer: 𝑥(𝑡) =

8 − 𝑒7𝑡 , 𝑦(𝑡) = 2𝑒7𝑡 + 12.

11. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 − 2𝑦
𝑑𝑦

𝑑𝑡 = 2𝑥 + 7𝑦
, 𝑥(0) = 1, 𝑦(0) = −2. Answer: 𝑥(𝑡) =

2𝑒5𝑡𝑡 + 𝑒5𝑡 𝑦(𝑡) = −2𝑒5𝑡𝑡 − 2𝑒5𝑡 .

12. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 𝑥 + 4𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 + 𝑦
, 𝑥(0) = 4, 𝑦(0) = −6. Answer: 𝑥(𝑡) =

8𝑒−𝑡 − 4𝑒3𝑡 , 𝑦(𝑡) = −4𝑒−𝑡 − 2𝑒3𝑡 .

13. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 6𝑦
, 𝑥(0) = 2, 𝑦(0) = −4. Answer: 𝑥(𝑡) =

3𝑒−3𝑡 − 𝑒−𝑡 , 𝑦(𝑡) = 𝑒−𝑡 − 5𝑒−3𝑡 .

14. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = −2𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 − 2𝑦
, 𝑥(0) = 2, 𝑦(0) = −4. Answer: 𝑥(𝑡) =

3𝑒−3𝑡 − 𝑒−𝑡 , 𝑦(𝑡) = −3𝑒−3𝑡 − 𝑒−𝑡 .

15. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 4𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 3𝑥 + 2𝑦
, 𝑥(0) = 0, 𝑦(0) = 2. Answer: 𝑥(𝑡) =

𝑒5𝑡

2 − 𝑒 𝑡

2 , 𝑦(𝑡) = 3𝑒 𝑡
2 + 𝑒5𝑡

2 .

16. Solve the initial value problem.

{
𝑑𝑥
𝑑𝑡 = 𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = 2𝑥 + 4𝑦
, 𝑥(0) = 0, 𝑦(0) = 5. Answer: 𝑥(𝑡) =

2𝑒5𝑡 − 2, 𝑦(𝑡) = 4𝑒5𝑡 + 1.
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CHAPTER 10

Phase portraits of linear systems

10.1 Equilibrium points and phase portrait

Definition 12. We say that (𝑥0 , 𝑦0) is an equilibrium point of the system{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑡 , 𝑥, 𝑦)
𝑑𝑦

𝑑𝑡 = 𝑔(𝑡 , 𝑥, 𝑦)

if for all 𝑡, 𝑓 (𝑡 , 𝑥0 , 𝑦0) = 0 and 𝑔(𝑡 , 𝑥0 , 𝑦0) = 0. Notice that (𝑥0 , 𝑦0) is an equilibrium
point if and only if {𝑥(𝑡) = 𝑥0 , 𝑦(𝑡) = 𝑦0} is a solution of the system. The vector field
𝑉(𝑡 , 𝑥, 𝑦) = ( 𝑓 (𝑡 , 𝑥, 𝑦), 𝑔(𝑡 , 𝑥, 𝑦)) is called the vector field associated with the differential
equation.

Example 84. The equilibrium points of the system

{
𝑑𝑥
𝑑𝑡 = 𝑥(𝑥 + 𝑦 − 2)
𝑑𝑦

𝑑𝑡 = 𝑦(2𝑥 − 𝑦 − 1)
are points (0, 0), (2, 0),

(0,−1) and (1, 1). The fact that these are the only equilibrium points follows from the fact that
the system of equations,

𝑥(𝑥 + 𝑦 − 2) = 0 and 𝑦(2𝑥 − 𝑦 − 1) = 0

is equivalent to the equations(
𝑥 = 0 and 𝑦 = 0

)
or

(
𝑥 = 0 and 2𝑥 − 𝑦 − 1 = 0

)
or(

𝑥 + 𝑦 − 2 = 0 and 𝑦 = 0
)

or
(
𝑥 + 𝑦 − 2 = 0 and 2𝑥 − 𝑦 − 1 = 0

)
Proposition 7. For a linear system

{
𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦
we have that every point (𝑥0 , 𝑦0) is an

equilibrium point if the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
is the zero matrix. If 𝐴 is not the zero matrix and

Det(𝐴) = 0, then the equilibrium points of the system are the points in the line {𝑐(𝑣1 , 𝑣2) : 𝑐 ∈ R}

where 𝑣 =

(
𝑣1

𝑣2

)
satisfies that 𝐴𝑣 = 0𝑣. When Det(𝐴) ≠ 0, then the only equilibrium point is the

point (0, 0).

Definition 13. Let us consider the autonomous system
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{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑥, 𝑦)
𝑑𝑦

𝑑𝑡 = 𝑔(𝑥, 𝑦)
(10.1)

For every point 𝑝1 = (𝑥1 , 𝑦1) we define

𝐶𝑝1 = {𝑝 = (𝑥(𝑡1), 𝑦(𝑡1)) : (𝑥(𝑡), 𝑦(𝑡)) is a solution with (𝑥(0), 𝑦(0)) = (𝑥1 , 𝑦1) }

We call 𝐶𝑝1 the orbit of 𝑝1.

Proposition 8. Let us consider the autonomous system (10.1).

• The orbit 𝐶𝑝1 has only one point if and only if 𝑝1 is an equilibrium point.

• Two different orbits 𝐶𝑝1 and 𝐶𝑝2 do not intersect, that is, they do not have any points in
common.

Definition 14. The phase portrait of the autonomous system (10.1) is the union of all 𝐶𝑝 with
𝑝 ∈ R2. When an orbit 𝐶𝑝 is not a point it needs to be considered as an oriented curve with the
orientation given by the solution (𝑥(𝑡), 𝑦(𝑡)).

Remark 5. For the autonomous system

{
𝑑𝑥
𝑑𝑡 = 𝑓 (𝑥, 𝑦)
𝑑𝑦

𝑑𝑡 = 𝑔(𝑥, 𝑦)
the vector field 𝑉(𝑥, 𝑦) =

( 𝑓 (𝑥, 𝑦), 𝑔(𝑥, 𝑦)) has the property that for any point 𝑝 = (𝑥0 , 𝑦0), the orbit 𝐶𝑝 that contains
𝑝 has the vector 𝑉(𝑥0 , 𝑦0) as a tangent vector. This property will be used to decide the
directions of the orbits

10.2 Phase portraits of linear systems

Try the app

Explore the phase plane
Enter a two-by-two matrix to explore the classification, eigenvalues, eigenvectors, and solution
trajectories.

A general explanation of the types of equilibrium points, Video↗

In this section we explain the phase portrait of the system

{
𝑑𝑥
𝑑𝑡 = 𝑎𝑥 + 𝑏𝑦
𝑑𝑦

𝑑𝑡 = 𝑐𝑥 + 𝑑𝑦
(10.2)

in terms of eigenvalues of the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
. The following proposition shows that when

𝐴 has two nonzero real eigenvalues then the phase portrait gets divided into four regions that we
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Figure 10.1. Semi-lines in the phase portrait.

may think of as quadrants with angles that are not necessarily 90 degrees. The boundaries of
these quadrants are four semi-lines. See Figure 10.1.

Proposition 9. If the matrix 𝐴 has two nonzero real eigenvalues 𝜆1 and 𝜆2 and 𝑣 and 𝑤

are eigenvectors with 𝐴𝑣 = 𝜆1𝑣 and 𝐴𝑤 = 𝜆2𝑤, then the semi-lines 𝑙1 = {𝑠𝑣 : 𝑠 > 0},
𝑙2 = {𝑠𝑤 : 𝑠 > 0}, 𝑙3 = {𝑠𝑣 : 𝑠 < 0} and 𝑙4 = {𝑠𝑤 : 𝑠 < 0} are part of the phase portrait. If
𝜆1 > 0 then 𝑙1 and 𝑙3 go in the direction away from the origin. If 𝜆1 < 0 then 𝑙1 and 𝑙3 go in
the direction toward the origin. If 𝜆2 > 0 then 𝑙2 and 𝑙4 go in the direction away from the
origin. If 𝜆2 < 0 then 𝑙2 and 𝑙4 go in the direction toward the origin.

Proof. To prove that 𝑙1 is part of the phase portrait it is enough to check that if 𝑣 =

(
𝑣1

𝑣2

)
then,

{𝑥(𝑡) = e𝜆1𝑡𝑣1 𝑦(𝑡) = e𝜆1𝑡𝑣2} is a solution of the system. Notice that if 𝜆1 > 0 then 𝑙1 and 𝑙3 go
in the direction away from the origin because lim𝑡→∞ e𝜆1𝑡 = ∞. Also, if 𝜆1 < 0 then 𝑙1 and 𝑙3 go
in the direction toward the origin because lim𝑡→∞ e𝜆1𝑡 = 0. The proof is similar for the lines 𝑙2
and 𝑙4.

10.2.1 Case 1: Two positive eigenvalues

For an explanation of this case, follow the link Video↗ Let us assume that the vectors 𝑣 and 𝑤 are
two eigenvectors of 𝐴 such that 𝐴𝑣 = 𝜆1𝑣 and 𝐴𝑤 = 𝜆2𝑤 with 0 < 𝜆1 < 𝜆2. Using Proposition
9 we obtain four semi-lines with direction going away from the origin. Also we have a dot in
the origin representing the only equilibrium point of the system; the point (0, 0). The general
solution of the system is given by (

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤
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From the expression above we notice that if 𝑐1 > 0 and 𝑐2 > 0 then the solution lies between

the semi-lines 𝑙1 and 𝑙2 because every

(
𝑥(𝑡)
𝑦(𝑡)

)
is a linear combination of the form 𝑠1𝑣 + 𝑠2𝑤 with

positive coefficients 𝑠1 and 𝑠2. We notice that when 𝑡 is big and negative, then the solution is very
close to the origin and since

𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤 = e𝜆1𝑡
(
𝑐1𝑣 + e(𝜆2−𝜆1)𝑡 𝑤

)
we conclude that the solution is almost a multiple of 𝑣 since lim𝑡→−∞ e(𝜆2−𝜆1)𝑡 = 0. We can

say that the dominant part is the term 𝑐1𝑣. Likewise, when 𝑡 goes to infinity we have that the
dominant term is 𝑐2𝑤 and for this reason, away from the origin, the orbits must look like a line
with direction given by the vector 𝑤. For this case we say that (0, 0) is a source. Here is an
example for this case.

Example 85. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = 8𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = 6𝑥 + 4𝑦
(10.3)

In this case 𝐴 =

(
8 2
6 4

)
. A direct computation shows that the eigenvalues of 𝐴 are 2 and 10.

Moreover, if 𝑣 =

(
−1
3

)
and 𝑤 =

(
1
1

)
, then 𝐴𝑣 = 2𝑣 and 𝐴𝑤 = 10𝑤. Figure 10.2 shows the phase

portrait of the differential system.

10.2.2 Case 2: Two negative eigenvalues

For an explanation of this case, follow the link Video↗ Let us assume that the vectors 𝑣 and 𝑤 are
two eigenvectors of 𝐴 such that 𝐴𝑣 = 𝜆1𝑣 and 𝐴𝑤 = 𝜆2𝑤 with 𝜆2 < 𝜆1 < 0. Using Proposition 9
we obtain four semi-lines with direction going toward the origin. Also we have a dot in the origin
representing the only equilibrium point of the system; the point (0, 0). The general solution of
the system is given by (

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤

From the expression above we notice that if 𝑐1 > 0 and 𝑐2 > 0 then the solution lies between

the semi-lines 𝑙1 and 𝑙2 because every

(
𝑥(𝑡)
𝑦(𝑡)

)
is a linear combination of the form 𝑠1𝑣 + 𝑠2𝑤 with

positive coefficients 𝑠1 and 𝑠2. We notice that when 𝑡 is big and positive, then the solution is very
close to the origin and since

𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤 = e𝜆1𝑡
(
𝑐1𝑣 + e(𝜆2−𝜆1)𝑡 𝑤

)
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Figure 10.2. Phase line example with two real positive eigenvalues. We can see that near the origin the
orbits are tangent to the line with direction given by the vector (−1, 3), which is the eigenvector associated
with 𝜆 = 2. Far away from the origin the orbits are close to being lines with direction vector (1, 1) which is
the eigenvector associated with 𝜆 = 10.

we conclude that the solution is almost a multiple of 𝑣 since lim𝑡→∞ e(𝜆2−𝜆1)𝑡 = 0. We can say
that when 𝑡 → ∞, the dominant part is the term 𝑐1𝑣. Likewise, when 𝑡 goes to negative infinity
we have that the dominant term is 𝑐2𝑤 and for this reason the orbits must look like a line with
direction given by the vector 𝑤. For this case we say that (0, 0) is a sink. Here is an example for
this case.

Example 86. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = −𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = −3𝑦
(10.4)

In this case 𝐴 =

(
−1 2
0 −3

)
. A direct computation shows that the eigenvalues of 𝐴 are −1 and

−3. Moreover, if 𝑣 =

(
1
0

)
and 𝑤 =

(
−1
1

)
, then 𝐴𝑣 = −𝑣 and 𝐴𝑤 = −3𝑤. Figure 10.3 shows the

phase portrait of the differential system.

The following remark is useful to decide the form of the orbits for the cases 1 and 2

Remark 6. Near the origin, the orbits (that are not semi-lines) must be almost tangent
to the direction given by the eigenvector associated with the eigenvalue that is closer to
zero. Away from the origin the orbit must be almost parallel to the direction given by the
eigenvector associated with the eigenvalue that is farther away from the origin. This rule
works when we have two real eigenvalues with the same sign.
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Figure 10.3. Phase line example with two real negative eigenvalues.

10.2.3 Case 3: One negative and one positive eigenvalue

For an explanation of this case, follow the link Video↗ Let us assume that the vectors 𝑣 and 𝑤 are
two eigenvectors of 𝐴 such that 𝐴𝑣 = 𝜆1𝑣 and 𝐴𝑤 = 𝜆2𝑤 with 𝜆1 < 0 < 𝜆2. Using Proposition 9
we obtain four semi-lines with the direction of two of these semilines going toward the origin
and the direction of the other two semilines going away from the origin. Also we have a dot in
the origin representing the only equilibrium point of the system; the point (0, 0). The general
solution of the system is given by (

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e𝜆1𝑡𝑣 + 𝑐2e𝜆2𝑡𝑤

From the expression above we notice that if 𝑐1 > 0 and 𝑐2 > 0 then the solution lies between

the semi-lines 𝑙1 and 𝑙2 because every

(
𝑥(𝑡)
𝑦(𝑡)

)
is a linear combination of the form 𝑠1𝑣 + 𝑠2𝑤 with

positive coefficients 𝑠1 and 𝑠2. We notice that when 𝑡 is big and positive, then the solution is very
close to the line 𝑙2 ∪ 𝑙4 and when 𝑡 is big and negative, the solution is close to the line 𝑙1 ∪ 𝑙3.

In general, we have that each orbit that is not a semi-line has an orbit with the shape that
looks like a hyperbola (something similar to the graph of the function 𝑦 = 1

𝑥 ) that stays in
one of the four quadrants given by the semi-lines 𝑙1 , 𝑙2 , 𝑙3 , 𝑙4 and the orbit has two of these
semi-lines as asymptotes. Not only does the orbit approach the asymptote, but the direction
of the orbit tries to match the direction of the semi-line that this orbit is converging to. In
this case we say that (0, 0) is a saddle.

Here is an example for this case.

Example 87. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = 4𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 2𝑦
(10.5)
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In this case 𝐴 =

(
4 1
−5 −2

)
. A direct computation shows that the eigenvalues of 𝐴 are 𝜆1 = −1

and 𝜆2 = 3. Moreover, if 𝑣 =

(
−1
1

)
and 𝑤 =

(
−1
5

)
, then 𝐴𝑣 = 3𝑣 and 𝐴𝑤 = −𝑤. Figure 10.4 shows

the phase portrait of the differential system.

Figure 10.4. Phase line example with one positive and one negative eigenvalue. Notice how the semi-lines
associated with the eigenvector 𝑣 have their direction going away from the origin while the semi-lines
associated with the eigenvector 𝑤 have their direction going toward the origin.

10.2.4 Case 4: Two non-real eigenvalues with zero real part

For an explanation of the case follow the link Video↗. Let us assume that the eigenvalues of 𝐴 are
of the form ±𝛽𝑖 with 𝛽 > 0. After doing some algebra we have that the general solution of the
system is given by(

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1

(
𝑑1 cos(𝛽𝑡) + 𝑑2 sin(𝛽𝑡)
𝑑3 cos(𝛽𝑡) + 𝑑4 sin(𝛽𝑡)

)
+ 𝑐2

(
𝑒1 cos(𝛽𝑡) + 𝑒2 sin(𝛽𝑡)
𝑒3 cos(𝛽𝑡) + 𝑒4 sin(𝛽𝑡)

)
The 𝑑𝑖 and 𝑒𝑖 are found after finding the real and imaginary parts of e𝑖𝛽𝑡𝑣 where 𝑣 satisfies

𝐴𝑣 = 𝛽𝑖𝑣. It is evident that the orbits are periodic and they have kind of a circular shape.
Sometimes they are perfect circles but most of the time they have an elliptical shape.
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A more precise graph can be drawn by noticing that all the orbits are similar to the closed
curve that contains the points

(𝑏,−𝑎) → (0,−𝛽) → (−𝑏, 𝑎) → (0, 𝛽) → (𝑏,−𝑎)

The direction is given by the order of the points above. Another way to find the direction of
the orbits is by selecting the point (1, 0) and evaluating the vector field𝑉 = (𝑎𝑥+𝑏𝑦, 𝑐𝑥+𝑑𝑦)
at (1, 0). We notice that 𝑉(1, 0) is (𝑎, 𝑐). We draw the orbit making sure that the tangent and
direction of the orbit at (1, 0) is given by the vector (𝑎, 𝑐). For this case we say that (0, 0) is a
center.

Here is an example for this case.

Example 88. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = 11𝑥 + 10𝑦
𝑑𝑦

𝑑𝑡 = −13𝑥 − 11𝑦
(10.6)

In this case 𝐴 =

(
11 10
−13 −11

)
and the characteristic equation is given by 𝜆2 + 9 = 0 and

therefore 𝜆 = ±3𝑖. For this example the vector field associated with the differential equation is
𝑉(𝑥, 𝑦) = (11𝑥 + 10𝑦,−13𝑥 − 11𝑦) and therefore 𝑉(1, 0) = (11,−13). This indicates that the orbits
are going clockwise. Figure 10.5 shows the phase portrait of the differential system.

10.2.5 Case 5: Two non-real eigenvalues with nonzero real part

For an explanation of the case follow the link Video↗. Let us assume that the eigenvalues of 𝐴
are of the form 𝛼 ± 𝛽𝑖 with 𝛽 > 0 and 𝛼 ≠ 0. After doing some algebra we have that the general
solution of the system is given by(

𝑥(𝑡)
𝑦(𝑡)

)
= 𝑐1e𝛼𝑡

(
𝑑1 cos(𝛽𝑡) + 𝑑2 sin(𝛽𝑡)
𝑑3 cos(𝛽𝑡) + 𝑑4 sin(𝛽𝑡)

)
+ 𝑐2e𝛼𝑡

(
𝑒1 cos(𝛽𝑡) + 𝑒2 sin(𝛽𝑡)
𝑒3 cos(𝛽𝑡) + 𝑒4 sin(𝛽𝑡)

)
The 𝑑𝑖 and 𝑒𝑖 are found after finding the real and imaginary parts of e𝛼𝑡+𝑖𝛽𝑡𝑣 where 𝑣 satisfies

𝐴𝑣 = (𝛼 + 𝑖𝛽) 𝑣. In this case the orbits are not periodic like in the case when (0, 0) is a center, the
case 𝛼 = 0.

This time, when 𝑡 increases and 𝛼 > 0, the orbits become unbounded while they go around
the origin and when 𝛼 < 0 and 𝑡 increases, the orbits approach (0, 0) while they go around
the origin. Once again, we can find the direction of the orbit by evaluating the vector field
𝑉 = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) at (1, 0). We notice that 𝑉(1, 0) is (𝑎, 𝑐). We draw the orbit making
sure that the tangent and direction of the orbit at (1, 0) is given by the vector (𝑎, 𝑐). For this
case we say that (0, 0) is a spiral source if 𝛼 > 0 and we say that (0, 0) is a spiral sink if
𝛼 < 0.
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Figure 10.5. Example of phase line when (0, 0) is a center.

Here is an example for this case.

Example 89. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 5𝑦
𝑑𝑦

𝑑𝑡 = −4𝑥 − 5𝑦
(10.7)

In this case 𝐴 =

(
3 5
−4 −5

)
and the characteristic equation is given by 𝜆2 + 2𝜆 + 5 = 0 and

therefore 𝜆 = −1 ± 2𝑖. For this example the vector field associated with the differential equation
is 𝑉(𝑥, 𝑦) = (3𝑥 + 5𝑦,−4𝑥 − 5𝑦) and therefore 𝑉(1, 0) = (3,−4). This indicates that the orbits
are going clockwise while they approach (0, 0). Figure 10.6 shows the phase portrait of the
differential system.

10.2.6 Case 6: Repeated nonzero eigenvalues.

An alternative sketching method

Drawing an improper node
Use the associated vector field to help sketch an improper node.
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Figure 10.6. Phase line when (0, 0) is a spiral sink.

In this case we have two cases. One is called a proper node and the other is called an improper
node. For an explanation of these two cases, follow the links Video↗ and Video↗
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Let us assume that the matrix 𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
has only one eigenvalue 𝜆 ≠ 0. If 𝑏 = 𝑐 = 0,

then all the orbits are semilines with one end at the origin. If 𝜆 > 0, then the direction
of each semi-line goes away from the origin and if 𝜆 < 0 the direction of the semi-lines
goes toward the origin. In this case the equilibrium (0, 0) is called a proper node. If either
𝑏 or 𝑐 is not zero, then we need to compute the eigenvector 𝑣 of 𝐴 and we have that the
semi-lines {𝑡𝑣 : 𝑡 > 0} and {𝑡𝑣 : 𝑡 < 0} are orbits. These two semi-lines divide the plane
into two half-planes. Any orbit in one of the half planes has the form of a rotated/flipped J
with the shorter part of the J approaching the origin tangent to one of the semi-lines and
the longer part extends forever, almost parallel to the other semi-line. If we want to decide
which semi-line is tangent to the shorter part of the J near the origin, we pick a vector 𝑉0
that is not a multiple of the eigenvector 𝑣 and then we compute 𝑉1 = (𝐴 − 𝜆𝐼)𝑉0. It turns
out that 𝑉1 is a multiple of the eigenvector 𝑣. If 𝜆 > 0 then near the origin the orbit that
passes through 𝑉0 is almost tangent to the semiline {𝑡𝑉1 : 𝑡 < 0}. If 𝜆 < 0 then, near the
origin the orbit that passes through 𝑉0 is almost tangent to the semiline {𝑡𝑉1 : 𝑡 > 0}. In
this case the equilibrium point is called an improper node.

Here is an example for this case.

Example 90. Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = 8𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = −12𝑥 − 4𝑦
(10.8)

In this case 𝐴 =

(
8 3

−12 −4

)
and the characteristic equation is given by 𝜆2 − 4𝜆 + 4 = 0 and

therefore 𝜆 = 2 is the only eigenvalue. A direct computation shows that the only eigenvector is
𝑣 = (−1, 2). In order to decide how the orbits approach the origin we take the point 𝑉0 = (1, 0)𝑇
(notice that we only need to make sure that 𝑉0 is not a multiple of the eigenvector 𝑣) then,
𝑉1 = (𝐴 − 2𝐼)𝑉0 = (6,−12). Since 𝜆 = 2 > 0, then the orbit that passes through (1, 0) must
approach the origin almost tangent to the semiline {𝑡(6,−12) : 𝑡 < 0}. Figure 10.7 shows the
phase portrait of the differential system.

Another example

Example 91. Similar example Video↗ Let us consider the system

{
𝑑𝑥
𝑑𝑡 = −3𝑥
𝑑𝑦

𝑑𝑡 = −3𝑦
(10.9)

In this case 𝐴 =

(
−3 0
0 −3

)
and the characteristic equation is given by 𝜆2 + 6𝜆 + 9 = 0 and

therefore 𝜆 = −3 is the only eigenvalue. Since 𝑏 = 𝑐 = 0 then we have a proper node. Figure 10.8
shows the phase portrait of the differential system.
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Figure 10.7. Phase line when (0, 0) is an improper node.

10.3 Homework

For each system sketch the phase portrait making sure to find the eigenvalues of the matrix of the
system and the eigenvectors if they are needed. Also, provide the name of the equilibrium point.

1.

{
𝑑𝑥
𝑑𝑡 = 6𝑥 + 5𝑦
𝑑𝑦

𝑑𝑡 = −𝑥

2.

{
𝑑𝑥
𝑑𝑡 = −𝑥 − 11𝑦
𝑑𝑦

𝑑𝑡 = 3𝑥 + 13𝑦

3.

{
𝑑𝑥
𝑑𝑡 = −2𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 − 2𝑦

4.

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 3𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 6𝑦

5.

{
𝑑𝑥
𝑑𝑡 = 𝑥 + 4𝑦
𝑑𝑦

𝑑𝑡 = 𝑥 + 𝑦

6.

{
𝑑𝑥
𝑑𝑡 = 2𝑥 + 4𝑦
𝑑𝑦

𝑑𝑡 = −3𝑦
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Figure 10.8. Phase line when (0, 0) is a proper node.

7.

{
𝑑𝑥
𝑑𝑡 = 𝑥 + 8𝑦
𝑑𝑦

𝑑𝑡 = −2𝑥 − 7𝑦

8.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 8𝑦
𝑑𝑦

𝑑𝑡 = 3𝑦

9.

{
𝑑𝑥
𝑑𝑡 = −4𝑥
𝑑𝑦

𝑑𝑡 = −4𝑦

10.

{
𝑑𝑥
𝑑𝑡 = 7𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 + 𝑦

11.

{
𝑑𝑥
𝑑𝑡 = 3𝑥 + 2𝑦
𝑑𝑦

𝑑𝑡 = −5𝑥 − 3𝑦

12.

{
𝑑𝑥
𝑑𝑡 = 𝑥 + 𝑦
𝑑𝑦

𝑑𝑡 = −𝑥 + 𝑦

10.4 Answers

1. Eigenvalues with eigenvectors: 5 with eigenvector (−5, 1)𝑇 and 1 with eigenvector (−1, 1)𝑇 . In
this example (0, 0) is a source.
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2. Eigenvalues with eigenvectors: 10 with eigenvector (−1, 1)𝑇 and 2 with eigenvector (−11, 3)𝑇 .
In this example (0, 0) is a source.

3. Eigenvalues with eigenvectors: −3 with eigenvector (−1, 1)𝑇 and −1 with eigenvector (1, 1)𝑇 .
In this example (0, 0) is a sink.

4. Eigenvalues with eigenvectors: −3 with eigenvector (−3, 5)𝑇 and −1 with eigenvector (−1, 1)𝑇 .
In this example (0, 0) is a sink.

5. Eigenvalues with eigenvectors: 3 with eigenvector (2, 1)𝑇 and −1 with eigenvector (−2, 1)𝑇 . In
this example (0, 0) is a saddle.
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6. Eigenvalues with eigenvectors: −3 with eigenvector (−4, 5)𝑇 and 2 with eigenvector (1, 0)𝑇 . In
this example (0, 0) is a saddle.

7. Eigenvalues with eigenvectors: −3 with eigenvector (−2, 1)𝑇 ; there is only one eigenvalue. In
this example (0, 0) is an improper node.

8. Eigenvalues with eigenvectors: 3 with eigenvector (1, 0)𝑇 ; there is only one eigenvalue. In this
example (0, 0) is an improper node.

9. Eigenvalues −4, diagonal matrix. In this example (0, 0) is a proper node.
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Problem 7

10. Eigenvalues 4 ± 𝑖, the spirals go clockwise. In this example (0, 0) is a spiral source

11. Eigenvalues ±𝑖, the orbits go clockwise. In this example (0, 0) is a center

12. Eigenvalues 1 ± 𝑖, the spirals go clockwise. In this example (0, 0) is a spiral source
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CHAPTER 11

The Laplace transform:
fundamentals

11.1 Definition and some properties of the Laplace transform

Video overview

Laplace transforms: notation, basic formulas, and an initial-value problem
The opening part supports this chapter; the worked differential equation begins at 7:40. Transfer
functions and stability, beginning at 12:48, are optional extensions beyond this book.

For a video on the definition of Laplace Transform, follow the link Video↗ The Laplace
transform is an operator that acts on functions. In this sense it is similar to the derivative operator.
Notice that the derivative operator acts on the function 𝑓 (𝑡) = 𝑡2 and it changes it into the function
𝑓 ′(𝑡) = 2𝑡.

One of the differences between the derivative operator and the Laplace transform is that the
Laplace transform operator takes a function that depends on 𝑡 and it transforms it into a
function that depends on 𝑠. For example, we will see that the Laplace transform of 𝑓 (𝑡) = 𝑡2

is the function 𝐹(𝑠) = 2
𝑠3 .

This is the definition of the Laplace transform:

Definition 15. For any function 𝑓 (𝑡) defined on the interval (0,∞) we define the Laplace
transform of 𝑓 (𝑡), denoted by 𝐹(𝑠) = ℒ( 𝑓 (𝑡)) as the function

ℒ( 𝑓 (𝑡))(𝑠) = 𝐹(𝑠) =
∫ ∞

0
𝑓 (𝑡)e−𝑠𝑡𝑑𝑡

We point out that the domain of the function ℒ( 𝑓 (𝑡)) depends on the function 𝑓 (𝑡); this domain
is usually an interval of the form [𝑎,∞), this is, the set {𝑠 : 𝑠 ≥ 𝑎}. Also, for some functions 𝑓 (𝑡)
the Laplace Transform may not exist due to the fact that the integral could diverge for all values
of 𝑠.
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We will not be concerned about the domain of ℒ( 𝑓 (𝑡)) and, in the examples that we will be
dealing with, we will also not be concerned about the infinity in the improper integral, due
to the fact that in all our examples the antiderivative evaluated at infinity is zero (or to be
more precise, the limit of the antiderivative when 𝑡 goes to infinity vanishes).

Example 92. Timestamp 6:00 Video↗ If 𝑓 (𝑡) = 3, then

ℒ( 𝑓 (𝑡)) =
∫ ∞

0
3e−𝑠𝑡𝑑𝑡 = 3

−𝑠 e−𝑠𝑡
����𝑡=∞
𝑡=0

= 0 − 3
−𝑠 =

3
𝑠

Notice that we are skipping some steps in the previous computation. To be mathematically
precise we would have needed to write

ℒ(3) =

∫ ∞

0
3e−𝑠𝑡𝑑𝑡 = lim

𝑏→∞

∫ 𝑏

0
3e−𝑠𝑡𝑑𝑡

= lim
𝑏→∞

3
−𝑠 e−𝑠𝑡

����𝑡=𝑏
𝑡=0

= lim
𝑏→∞

( 3
−𝑠 e−𝑠𝑏 − 3

−𝑠 e−𝑠0)

= 0 − 3
−𝑠 , assuming 𝑠 > 0

=
3
𝑠

Referring to the comment before the example, in this case the antiderivative is the function
3
−𝑠 e

−𝑠𝑡 and, as we mentioned earlier, the limit of this antiderivative when 𝑡 goes to infinity
vanishes (assuming 𝑠 > 0).

In the same way we prove that ℒ(3) = 3
𝑠 we can show that

Proposition 10.

ℒ(𝑎) = 𝑎

𝑠
for any constant 𝑎

Example 93. Timestamp 9:30 Video↗ If 𝑓 (𝑡) = e2𝑡 , then

ℒ( 𝑓 (𝑡)) =
∫ ∞

0
e2𝑡e−𝑠𝑡𝑑𝑡 =

∫ ∞

0
e2𝑡−𝑠𝑡𝑑𝑡 =

1
2 − 𝑠

e2𝑡−𝑠𝑡
����𝑡=∞
𝑡=0

= 0 − 1
2 − 𝑠

=
1

𝑠 − 2

In the same way we prove that ℒ(e2𝑡) = 1
𝑠−2 we can show that,

Proposition 11.

ℒ(e𝑎𝑡) = 1
𝑠 − 𝑎

for any constant 𝑎
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Example 94. If 𝑓 (𝑡) = 𝑡, then ℒ( 𝑓 (𝑡)) =
∫ ∞

0 𝑡e−𝑠𝑡𝑑𝑡. We will do integration by parts to solve the
integral. Making 𝑢 = 𝑡 and 𝑑𝑣 = e−𝑠𝑡𝑑𝑡 we get that 𝑑𝑢 = 𝑑𝑡 and 𝑣 = e−𝑠𝑡

−𝑠 , then,∫
𝑡e−𝑠𝑡𝑑𝑡 = − 𝑡

𝑠
e−𝑠𝑡 −

∫
1
−𝑠 e−𝑠𝑡 𝑑𝑡 = −𝑡 1

𝑠
e−𝑠𝑡 − 1

𝑠2 e−𝑠𝑡

Therefore, ∫ ∞

0
𝑡e−𝑠𝑡𝑑𝑡 = (− 𝑡

𝑠
e−𝑠𝑡 − 1

𝑠2 e−𝑠𝑡)
����𝑡=∞
𝑡=0

= 0 − (− 1
𝑠2 ) =

1
𝑠2

In the previous computation we have used the fact that for any 𝑠 > 0,

lim
𝑡→∞

𝑡
1
𝑠

e−𝑠𝑡 = lim
𝑡→∞

𝑡

𝑠𝑒 𝑠𝑡
= 0

which can be shown using L’Hospital’s rule.

In the same way the derivative of a sum of two functions is the sum of their derivatives, we
have that the Laplace transform of the sum of two functions is the sum of their Laplace transforms.
Also, the Laplace transform of the product of a function with a constant is the product of the
constant with the Laplace transform of the function. For an explanation of the next proposition,
follow the link Video↗

Proposition 12.

ℒ( 𝑓 (𝑡) + 𝑔(𝑡)) = ℒ( 𝑓 (𝑡)) + ℒ(𝑔(𝑡)) and ℒ(𝑐 𝑓 (𝑡)) = 𝑐ℒ( 𝑓 (𝑡))

Example 95.

ℒ(2 + 3e−6𝑡 + 4𝑡) = 2
𝑠
+ 3ℒ(e−6𝑡) + 4ℒ(𝑡) = 2

𝑠
+ 3

𝑠 + 6 + 4
𝑠2

The next theorem is one of the most important properties for the Laplace transform.

Theorem 12.

ℒ(𝑑𝑦
𝑑𝑡

) = 𝑠ℒ(𝑦) − 𝑦(0)

Proof. We have that ℒ( 𝑑𝑦𝑑𝑡 ) =
∫ ∞

0 𝑦′(𝑡)e−𝑠𝑡 𝑑𝑡. Using integration by parts with 𝑢 = 𝑒−𝑠𝑡 and
𝑑𝑣 = 𝑦′(𝑡)𝑑𝑡, then 𝑣(𝑡) = 𝑦(𝑡) and 𝑑𝑢 = −𝑠e−𝑠𝑡 , we obtain that∫ ∞

0
𝑦′(𝑡)e−𝑠𝑡 𝑑𝑡 = e−𝑠𝑡𝑦(𝑡)

����𝑡=∞
𝑡=0

+
∫ ∞

0
𝑦(𝑡)𝑠e−𝑠𝑡 𝑑𝑡

As mentioned before we will be assuming that the limit when 𝑡 goes to infinity of e−𝑠𝑡𝑦(𝑡) is
zero. Then, we have that∫ ∞

0
𝑦′(𝑡)e−𝑠𝑡 𝑑𝑡 = 0 − (e−𝑠×0𝑦(0)) + 𝑠

∫ ∞

0
𝑦(𝑡)e−𝑠𝑡 𝑑𝑡 = −𝑦(0) + 𝑠ℒ(𝑦)
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As an application of the previous theorem we can compute the Laplace transform of the
function 𝑡𝑛 for any positive integer 𝑛. We have

Example 96. Since the derivative of 𝑓 (𝑡) = 𝑡2 is 𝑓 ′(𝑡) = 2𝑡, then using the formula ℒ( 𝑑𝑦𝑑𝑡 ) =

𝑠ℒ(𝑦) − 𝑦(0) we obtain that

2 1
𝑠2 = ℒ(2𝑡) = 0 + 𝑠ℒ(𝑡2)

We obtain that ℒ(𝑡2) = 2
𝑠3 . Notice that we have used that ℒ(𝑡) = 1

𝑠2 . We can do the same
argument with the function 𝑓 (𝑡) = 𝑡3. We have that 𝑓 ′(𝑡) = 3𝑡2 and therefore

3 2
𝑠3 = ℒ(3𝑡2) = 0 + 𝑠ℒ(𝑡3)

and therefore ℒ(𝑡3) = 2×3
𝑠4 . Continuing with this process we can show that

ℒ(𝑡𝑛) = 𝑛!
𝑠𝑛+1

11.2 The inverse Laplace transform

Some basic examples of inverse Laplace transform. Timestamp 4:28 Video↗

Definition 16. We say that 𝑓 (𝑡) is the inverse Laplace transform of 𝐹(𝑠) if ℒ( 𝑓 (𝑡)) = 𝐹(𝑠). When
this happens we write

𝑓 (𝑡) = ℒ−1(𝐹(𝑠))

These are some examples,

Example 97. Since ℒ(𝑎) = 𝑎
𝑠 then,

ℒ−1( 𝑎
𝑠
) = 𝑎

In the same way, we have that

ℒ−1( 1
𝑠𝑛+1 ) =

1
𝑛! 𝑡

𝑛 and ℒ−1( 1
𝑠 − 𝑎

) = e𝑎𝑡

Rewriting an expression is an important tool for finding Laplace transforms and inverse
Laplace transforms.

Example 98. Similar example. Timestamp 5:15 Video↗
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ℒ−1( 3
4 + 5𝑠 ) = ℒ( 3

5(4
5 + 𝑠)

) = ℒ(
3
5

𝑠 − (− 4
5 )
) = 3

5e−
4
5 𝑡

Here is another typical example where the key part is to rewrite the function,

Example 99. Timestamp 7:20 Video↗ In order to compute the inverse Laplace transform of the
function 𝐹(𝑠) = 4+6𝑠

𝑠2−4 we do partial fractions due to the fact that we know how to compute the
inverse Laplace transform of expressions of the form 𝑎

𝑏𝑠+𝑐 . Using partial fractions we have that

4 + 6𝑠
𝑠2 − 4

=
4 + 6𝑠

(𝑠 − 2)(𝑠 + 2) =
𝐴

𝑠 − 2 + 𝐵

𝑠 + 2 =
𝐴(𝑠 + 2) + 𝐵(𝑠 − 2)

(𝑠 − 2)(𝑠 + 2)

Since the two denominators of the rational functions above are the same then

4 + 6𝑠 = 𝐴(𝑠 + 2) + 𝐵(𝑠 − 2)

We get two equations by noticing that the constant coefficient of the LHS is 4, while the constant
coefficient of the RHS is 2𝐴 − 2𝐵. Also the coefficient of 𝑠 on the LHS is 6 while the coefficient of

𝑠 on the RHS is 𝐴 + 𝐵. Solving the system

{
2𝐴 − 2𝐵 = 4
𝐴 + 𝐵 = 6

we obtain that 𝐴 = 4 and 𝐵 = 2, this is

4 + 6𝑠
𝑠2 − 4

=
4

𝑠 − 2 + 2
𝑠 + 2 = ℒ(4e2𝑡 + 2e−2𝑡)

This is, ℒ−1(4 + 6𝑠
𝑠2 − 4

) = 4e2𝑡 + 2e−2𝑡

Example 100. Timestamp 2:13 Video↗ In order to compute the inverse Laplace transform of the
function 𝐹(𝑠) = 2𝑠3+𝑠2+3𝑠+2

𝑠3(𝑠2−3𝑠+2) we do partial fractions due to the fact that we know how to compute

the inverse Laplace transform of expressions of the form 𝑎
𝑏𝑠+𝑐 and 1

𝑠𝑛 . Using partial fractions we
have that 2𝑠3+𝑠2+3𝑠+2

𝑠3(𝑠2−3𝑠+2) is equal to

2𝑠3 + 𝑠2 + 3𝑠 + 2
𝑠3(𝑠 − 1)(𝑠 − 2) =

𝐴

𝑠
+ 𝐵

𝑠2 + 𝐶

𝑠3 + 𝐷

𝑠 − 1 + 𝐸

𝑠 − 2 =

𝐴𝑠2(𝑠 − 1)(𝑠 − 2) + 𝐵𝑠(𝑠 − 1)(𝑠 − 2) + 𝐶(𝑠 − 1)(𝑠 − 2) + 𝐷𝑠3(𝑠 − 2) + 𝐸𝑠3(𝑠 − 1)
𝑠3(𝑠 − 1)(𝑠 − 2)

Since the two denominators of the rational functions above are the same then

𝐴𝑠2(𝑠 − 1)(𝑠 − 2) + 𝐵𝑠(𝑠 − 1)(𝑠 − 2) + 𝐶(𝑠 − 1)(𝑠 − 2) + 𝐷𝑠3(𝑠 − 2) + 𝐸𝑠3(𝑠 − 1) = 2𝑠3 + 𝑠2 + 3𝑠 + 2

We get the following system of equations by comparing the coefficients of 𝑠4, 𝑠3, 𝑠3, 𝑠2, 𝑠 and
the constant coefficients on both sides of the equation above
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

𝐴 + 𝐷 + 𝐸 = 0
−3𝐴 + 𝐵 − 2𝐷 − 𝐸 = 2
2𝐴 − 3𝐵 + 𝐶 = 1
2𝐵 − 3𝐶 = 3
2𝐶 = 2

Since the solution of the system above is 𝐴 = 9
2 , 𝐵 = 3, 𝐶 = 1, 𝐷 = −8, 𝐸 = 7

2 , then

2𝑠3 + 𝑠2 + 3𝑠 + 2
𝑠3 (𝑠2 − 3𝑠 + 2) =

9
2
𝑠 + 3

𝑠2 + 1
𝑠3 − 8

𝑠−1 +
7
2

𝑠−2

= ℒ( 9
2 + 3𝑡 + 𝑡2

2 − 8e𝑡 + 7
2e2𝑡)

This is, ℒ−1(2𝑠
3 + 𝑠2 + 3𝑠 + 2

𝑠3 (𝑠2 − 3𝑠 + 2) ) = 9
2 + 3𝑡 + 𝑡2

2 − 8e𝑡 + 7
2e2𝑡

Notice that partial fractions is not going to help us to compute ℒ−1( 1
(𝑠−2)2 ). The following

theorem will take care of this Laplace transform inverse. Video↗.

Theorem 13. If 𝐹(𝑠) = ℒ( 𝑓 (𝑡)), then ℒ(𝑡 𝑓 (𝑡)) = −𝐹′(𝑠).

Proof. The equation 𝐹(𝑠) = ℒ( 𝑓 (𝑡)) can be written as 𝐹(𝑠) =
∫ ∞

0 𝑓 (𝑡)e−𝑠𝑡 𝑑𝑡. Taking the derivative
with respect to 𝑠 on both sides of this equation gives us that

𝐹′(𝑠) = −
∫ ∞

0
𝑡 𝑓 (𝑡)e−𝑠𝑡 𝑑𝑡 = −ℒ(𝑡 𝑓 (𝑡))

Example 101. Since ( 1
𝑠−3 )′ = − 1

(𝑠−3)2 , then ℒ(𝑡e3𝑡) = −( 1
𝑠−3 )′ = 1

(𝑠−3)2 . In general we have that,
Video↗,

ℒ(𝑡e𝑎𝑡) = 1
(𝑠 − 𝑎)2

11.3 Solving differential equations using the Laplace transforms

This section shows how to use the Laplace transform to solve differential equations. Let us
consider the initial value problem Video↗

𝑑𝑦

𝑑𝑡
+ 4𝑦 = 6e2𝑡 , 𝑦(0) = 3

Using the formula ℒ( 𝑑𝑦𝑑𝑡 ) = 𝑠ℒ(𝑦) − 𝑦(0), we obtain, by applying the Laplace transform on
both sides of the differential equation, that
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𝑠ℒ(𝑦) − 3 + 4ℒ(𝑦) = 6
𝑠 − 2

From the equation above we obtain that (𝑠 + 4)ℒ(𝑦) = 3 + 6
𝑠−2 = 3𝑠−6+6

𝑠−2 = 3𝑠
𝑠−2 and therefore,

ℒ(𝑦) = 3𝑠
(𝑠 − 2)(𝑠 + 4)

This is the first step needed to solve a differential equation using the Laplace transform. We
apply the Laplace transform on both sides of the equation and then we solve for ℒ(𝑦). The next
step is to compute the inverse Laplace transform of the expression in front of ℒ(𝑦). In this case,
in order to compute the inverse Laplace transform of 3𝑠

(𝑠−2)(𝑠+4) we need to use partial fractions.
We have that

3𝑠
(𝑠 − 2)(𝑠 + 4) =

𝐴

𝑠 − 2 + 𝐵

𝑠 + 4 =
𝐴(𝑠 + 4) + 𝐵(𝑠 − 2)

(𝑠 − 2)(𝑠 + 4)

The system of equations in this case is

{
𝐴 + 𝐵 = 3
4𝐴 − 2𝐵 = 0

. Since the solution is 𝐴 = 1 and 𝐵 = 2,

we get that

3𝑠
(𝑠 − 2)(𝑠 + 4) =

1
𝑠 − 2 + 2

𝑠 + 4 = ℒ(e2𝑡 + 2e−4𝑡)

Moreover we have that

ℒ(𝑦) = 3𝑠
(𝑠 − 2)(𝑠 + 4) =

1
𝑠 − 2 + 2

𝑠 + 4 = ℒ(e2𝑡 + 2e−4𝑡)

and therefore, 𝑦 = e2𝑡 + 2e−4𝑡

Remark 7. Notice that the steps to solve a differential equation using the Laplace transform
are:

• Compute the Laplace transform on both sides of the equation.

• Solve for ℒ(𝑦). You need to get an equation of the form ℒ(𝑦) = 𝐹(𝑠).

• Compute ℒ−1(𝐹(𝑠)). We have that 𝑦 = ℒ−1(𝐹(𝑠)).

Example 102. Let us consider the following initial value problem

𝑑𝑦

𝑑𝑡
+ 3𝑦 = 2 + 3𝑡 , 𝑦(0) = −2

Watch the worked solution↗

Applying the Laplace transform on both sides of the equation we get
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𝑠ℒ(𝑦) + 2 + 3ℒ(𝑦) = 2
𝑠
+ 3

𝑠2

then
(𝑠 + 3)ℒ(𝑦) = −2 + 2

𝑠
+ 3

𝑠2 =
−2𝑠2 + 2𝑠 + 3

𝑠2

and then

ℒ(𝑦) = −2𝑠2 + 2𝑠 + 3
𝑠2(𝑠 + 3) =

𝐴

𝑠
+ 𝐵

𝑠2 + 𝐶

𝑠 + 3 =
𝐴𝑠(𝑠 + 3) + 𝐵(𝑠 + 3) + 𝐶𝑠2

𝑠2(𝑠 + 3)

We can find the values of 𝐴, 𝐵 and 𝐶 by solving the following system


𝐴 + 𝐶 = −2
3𝐴 + 𝐵 = 2
3𝐵 = 3

The solution is 𝐵 = 1, 𝐴 = 1
3 and 𝐶 = −7

3 . Then,

ℒ(𝑦) = −2𝑠2 + 2𝑠 + 3
𝑠2(𝑠 + 3) =

1
3
𝑠
+ 1

𝑠2 −
7
3

𝑠 + 3 = ℒ(13 + 𝑡 − 7
3e−3𝑡)

and therefore, 𝑦 =
1
3 + 𝑡 − 7

3e−3𝑡

Example 103. Timestamp 2:13 Video↗ Let us consider the following initial value problem

𝑑𝑦

𝑑𝑡
− 4𝑦 = 2e4𝑡 , 𝑦(0) = 2

Applying the Laplace transform to both sides of the equation we get

𝑠ℒ(𝑦) − 2 − 4ℒ(𝑦) = 2
𝑠 − 4

then
(𝑠 − 4)ℒ(𝑦) = 2 + 2

𝑠 − 4
and then

ℒ(𝑦) = 2
𝑠 − 4 + 2

(𝑠 − 4)2 = ℒ(2e4𝑡 + 2𝑡e4𝑡)

and therefore, 𝑦 = 2e4𝑡 + 2𝑡e4𝑡

The following theorem will be used to solve second order differential equations and for now it
will be useful to compute the Laplace transforms of the functions 𝑦 = sin(𝜔𝑡) and 𝑦 = cos(𝜔𝑡).

For an explanation of the next theorem, follow the link Video↗
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Theorem 14.

ℒ(𝑑
2𝑦

𝑑𝑡2 ) = 𝑠2ℒ(𝑦) − 𝑦(0)𝑠 − 𝑦′(0)

Proof. Using the formula ℒ( 𝑑𝑧𝑑𝑡 ) = 𝑠ℒ(𝑧) − 𝑧(0) with 𝑧(𝑡) = 𝑦′(𝑡) we obtain that

ℒ(𝑑
2𝑦

𝑑𝑡2 ) = 𝑠ℒ(𝑑𝑦
𝑑𝑡

) − 𝑦′(0) = 𝑠
(
𝑠ℒ(𝑦) − 𝑦(0)

)
− 𝑦′(0) = 𝑠2ℒ(𝑦) − 𝑦(0)𝑠 − 𝑦′(0)

Example 104. For a similar example: Timestamp 2:59 Video↗ The function 𝑦 = sin(7𝑡) satisfies
the initial value problem

𝑑2𝑦

𝑑𝑡2 + 49𝑦 = 0 𝑦(0) = 0 𝑦′(0) = 7

Applying the formula for the Laplace transform on both sides of the equation above we obtain
that

𝑠2ℒ(𝑦) − 7 + 49ℒ(𝑦) = 0

and therefore, (𝑠2 + 49)ℒ(𝑦) = 7. This is,

ℒ(𝑦) = 7
𝑠2 + 49

In the same way we can prove that for any 𝜔 > 0,

ℒ(sin(𝜔𝑡)) = 𝜔

𝑠2 + 𝜔2

We have that 𝑦 = cos(𝜔𝑡) satisfies the initial value problem

𝑑2𝑦

𝑑𝑡2 + 𝜔2𝑦 = 0 𝑦(0) = 1 𝑦′(0) = 0

Applying the formula for the Laplace transform on both sides of the equation above we obtain
that

𝑠2ℒ(𝑦) − 𝑠 + 𝜔2ℒ(𝑦) = 0

and therefore,

ℒ(cos(𝜔𝑡)) = 𝑠

𝑠2 + 𝜔2
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Example 105. To compute the inverse Laplace transform of the function 𝐹(𝑠) = 3
𝑠2+16 we rewrite

𝐹(𝑠) as 3
4

4
𝑠2+16 and therefore 𝐹(𝑠) = ℒ( 3

4 sin(4𝑡)), this is ℒ−1( 3
𝑠2 + 16

) = 3
4 sin(4𝑡) .

Example 106. To compute the inverse Laplace transform of the function 𝐹(𝑠) = 3𝑠+2
𝑠2+7 we rewrite

𝐹(𝑠) as

𝐹(𝑠) = 3𝑠
𝑠2 + 7

+ 2
𝑠2 + 7

= 3 𝑠

𝑠2 + 7
+ 2√

7

√
7

𝑠2 + 7
= ℒ

(
3 cos(

√
7𝑡) + 2√

7
sin(

√
7𝑡)

)
and therefore ℒ−1

(
3𝑠 + 2
𝑠2 + 7

)
= 3 cos(

√
7𝑡) + 2√

7
sin(

√
7𝑡) .

Now let us solve a differential equation that has a sine function.

Example 107. Timestamp 7:02 Video↗ Let us consider the following initial value problem

𝑑𝑦

𝑑𝑡
+ 𝑦 = 5 sin(2𝑡), 𝑦(0) = 3

Applying the Laplace transform on both sides of the equation we get

𝑠ℒ(𝑦) − 3 +ℒ(𝑦) = 5 2
𝑠2 + 4

then
(𝑠 + 1)ℒ(𝑦) = 3 + 10

𝑠2 + 4
=

3𝑠2 + 22
𝑠2 + 4

and then

ℒ(𝑦) = 3𝑠2 + 22
(𝑠2 + 4)(𝑠 + 1) =

𝐴

𝑠 + 1 + 𝐵𝑠 + 𝐶

𝑠2 + 4
=

𝐴(𝑠2 + 4) + (𝐵𝑠 + 𝐶)(𝑠 + 1)
(𝑠2 + 4)(𝑠 + 1)

We can find the values of 𝐴, 𝐵 and 𝐶 by solving the following system


𝐴 + 𝐵 = 3
𝐵 + 𝐶 = 0
4𝐴 + 𝐶 = 22

The solution is 𝐴 = 5, 𝐵 = −2 and 𝐶 = 2. Then,

ℒ(𝑦) = 5
𝑠 + 1 + −2𝑠 + 2

𝑠2 + 4
=

5
𝑠 + 1 − 2 𝑠

𝑠2 + 4
+ 2

𝑠2 + 4
= ℒ(5e−𝑡 − 2 cos(2𝑡) + sin(2𝑡))

and therefore, 𝑦 = 5e−𝑡 − 2 cos(2𝑡) + sin(2𝑡)
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11.4 Partial fraction decomposition

For a video explaining partial fractions, follow the link Video↗. Partial fraction decomposition
provides a way to rewrite a rational function (a quotient of two polynomials) as a sum of “simpler”
rational functions.

Definition 17. A polynomial 𝑝(𝑠) = 𝑠2 + 𝑏𝑠 + 𝑐 of degree two is irreducible if 𝑏2 − 4𝑐 < 0, in
other words, 𝑝(𝑠) is irreducible if the equation 𝑠2 + 𝑏𝑠 + 𝑐 = 0 has no real solutions.

In the same way any positive integer can be written as a product of prime numbers, any
polynomial can be written as a product of linear polynomials and irreducible polynomials of
degree 2. Some examples of both facts are: 12 = 3 × 2 × 2 = 3 × 22, 𝑠2 − 9 which is not irreducible
can be written as (𝑠 − 3)(𝑠 + 3) or 𝑠3 − 𝑠2 − 𝑠 − 15 = (𝑠 − 3)(𝑠2 + 2𝑠 + 5), notice that 𝑠2 + 2𝑠 + 5
is irreducible because 22 − 4 × 5 < 0. We point out that factoring a polynomial may be very
challenging and is the most difficult part of the process of partial fraction decomposition. For the
examples that we will be working on in these notes, the factoring is either given or is easy to do.
Let us write the precise statement of the factorization that we have just mentioned.

Theorem 15. Any polynomial with real coefficients 𝑞(𝑠) = 𝑠𝑛 + 𝑎𝑛−1𝑠
𝑛−1 + · · · + 𝑎1𝑠 + 𝑎0 can

be written in a unique way as

𝑞(𝑠) = (𝑠 − 𝑟1)𝑚1 . . . (𝑠 − 𝑟𝑘)𝑚𝑘 (𝑠2 + 𝑏1𝑠 + 𝑐1)𝑙1 . . . (𝑠2 + 𝑏𝑢𝑠 + 𝑐𝑢)𝑙𝑢

where the 𝑟𝑖 are different real numbers and the (𝑏𝑖 , 𝑐𝑖) are different pairs of real numbers
that satisfy 𝑏2

𝑖
− 4𝑐𝑖 < 0; this is, the polynomials 𝑠2 − 𝑏𝑖𝑠 − 𝑐𝑖 are irreducible.

Example 108. The polynomial 𝑞(𝑠) = 𝑠3 − 4𝑠2 can be written as 𝑞(𝑠) = 𝑠2(𝑠 − 1). Then, comparing
with the equation in Theorem (15) we can take 𝑟1 = 0, 𝑚1 = 2, 𝑟2 = 1 and 𝑚2 = 1. Also in this case
𝑘 = 2 and 𝑢 = 0

Example 109. Comparing with Equation (15), for the polynomial 𝑞(𝑠) = 𝑠3(𝑠+2)(𝑠2+2𝑠+9)2(𝑠2+3)
we can take 𝑟1 = 0, 𝑚1 = 3, 𝑟2 = −2, 𝑚2 = 1, 𝑏1 = 2, 𝑐1 = 9, 𝑙1 = 2, 𝑏2 = 0, 𝑐2 = 3 and 𝑙2 = 1. In this
case 𝑘 = 2 and 𝑢 = 2.
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Theorem 16. If 𝑞(𝑠) = (𝑠 − 𝑟1)𝑚1 . . . (𝑠 − 𝑟𝑘)𝑚𝑘 (𝑠2 + 𝑏1𝑠 + 𝑐1)𝑙1 . . . (𝑠2 + 𝑏𝑢𝑠 + 𝑐𝑢)𝑙𝑢 with the 𝑟𝑖
different real numbers and the (𝑏𝑖 , 𝑐𝑖) different pairs of real numbers satisfying 𝑏2

𝑖
− 4𝑐𝑖 < 0

and 𝑞(𝑠) is a polynomial with degree smaller than the degree of 𝑝(𝑠), then

𝑝(𝑠)
𝑞(𝑠) =

𝐴11
𝑠 − 𝑟1

+ · · · + 𝐴1𝑚1

(𝑠 − 𝑟1)𝑚1
+ 𝐴21

𝑠 − 𝑟2
+ · · · + 𝐴2𝑚2

(𝑠 − 𝑟2)𝑚2
+

· · · + 𝐴𝑘1
𝑠 − 𝑟𝑘

+ · · · +
𝐴𝑘𝑚𝑘

(𝑠 − 𝑟𝑘)𝑚𝑘
+ 𝐵11𝑠 + 𝐶11

𝑠2 + 𝑏1𝑠 + 𝑐1
+ · · · +

𝐵1𝑙1 𝑠 + 𝐶1𝑙1
(𝑠2 + 𝑏1𝑠 + 𝑐1)𝑙1

+ 𝐵21𝑠 + 𝐶21
𝑠2 + 𝑏2𝑠 + 𝑐2

+ · · · + 𝐵2𝑙2 𝑠 + 𝐶2𝑙2
(𝑠2 + 𝑏2𝑠 + 𝑐2)𝑙2

+ · · · + 𝐵𝑢1𝑠 + 𝐶𝑢1
𝑠2 + 𝑏𝑢𝑠 + 𝑐𝑢

+ · · · + 𝐵𝑢𝑙𝑢 𝑠 + 𝐶𝑢𝑙𝑢

(𝑠2 + 𝑏𝑢𝑠 + 𝑐𝑢)𝑙𝑢

for some constants 𝐴𝑖 𝑗 , 𝐵𝑖 𝑗 and 𝐶𝑖 𝑗 .

Remark 8. The theorem establishes the existence of the constants 𝐴𝑖 𝑗 , 𝐵𝑖 𝑗 and 𝐶𝑖 𝑗 that make
the rewriting of the expression 𝑝(𝑠)

𝑞(𝑠) true. When we want to find the constants, the problem
reduces to that of solving a linear system of equations. An important check point is that the
number of unknowns in this system, this is the number of 𝐴𝑖 𝑗 , 𝐵𝑖 𝑗 and 𝐶𝑖 𝑗 equals the degree of
the polynomial 𝑞(𝑠)

Try the app

Practice choosing the decomposition form
Write the partial-fraction form with undetermined coefficients. The app checks its structure; it does
not ask you to solve for the coefficients.
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11.5 Table of Laplace transforms

1.
ℒ(1) = 1

𝑠

2.
ℒ(e𝑎𝑡) = 1

𝑠 − 𝑎

3.
ℒ(𝑡) = 1

𝑠2

4.
ℒ(𝑡𝑛) = 𝑛!

𝑠𝑛+1

5.
ℒ(𝑢𝑎(𝑡)) =

𝑒−𝑎𝑠

𝑠

6.
ℒ(sin(𝜔𝑡)) = 𝜔

𝑠2 + 𝜔2

7.
ℒ(cos(𝜔𝑡)) = 𝑠

𝑠2 + 𝜔2

8.
ℒ(e𝑎𝑡 sin(𝜔𝑡)) = 𝜔

(𝑠 − 𝑎)2 + 𝜔2

9.
ℒ(e𝑎𝑡 cos(𝜔𝑡)) = 𝑠 − 𝑎

(𝑠 − 𝑎)2 + 𝜔2

10.
ℒ(𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎)) = e−𝑎𝑠ℒ( 𝑓 (𝑡))

11.
ℒ(𝛿𝑎(𝑡)) = e−𝑎𝑠

12.
ℒ(𝑑𝑦

𝑑𝑡
) = 𝑠ℒ(𝑦) − 𝑦(0)

13.

ℒ(𝑑
2𝑦

𝑑𝑡2 ) = 𝑠2ℒ(𝑦) − 𝑦(0)𝑠 − 𝑦′(0)

14. .

If ℒ( 𝑓 ) = 𝐹(𝑠), then ℒ(𝑡 𝑓 (𝑡)) = −𝑑𝐹

𝑑𝑠
, in particular ℒ(𝑡𝑒 𝑎𝑡) = 1

(𝑠 − 𝑎)2
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11.6 Homework

1. Compute the Laplace transform of 𝑓 (𝑡) = 6 using the definition. Answer:

ℒ(6) =
∫ ∞

0 6e−𝑠𝑡𝑑𝑡 = 6
−𝑠 e

−𝑠𝑡
����𝑡=∞
𝑡=0

= 0 − 6
−𝑠 =

6
𝑠

2. Compute the Laplace transform of 𝑓 (𝑡) = 3e4𝑡 using the definition. Answer: ℒ(3e4𝑡) =∫ ∞
0 3e4𝑡e−𝑠𝑡𝑑𝑡 =

∫ ∞
0 3e(4−𝑠)𝑡𝑑𝑡 = 3

4−𝑠 e
(4−𝑠)𝑡

����𝑡=∞
𝑡=0

= 0 − 3
4−𝑠 =

3
𝑠−4

3. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = 3𝑦 + 5, 𝑦(0) = 2. Answer: 𝑦 = 11𝑒3𝑡

3 − 5
3

4. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = −2𝑦 + 5𝑡, 𝑦(0) = −4. Answer: 𝑦 = 5𝑡
2 − 11𝑒−2𝑡

4 − 5
4 .

5. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 + 4𝑦 = 3𝑒2𝑡 , 𝑦(0) = −1. Answer: 𝑦 = − 3
2 𝑒

−4𝑡 + 𝑒2𝑡

2 .

6. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 6𝑦 = 2𝑒2𝑡 , 𝑦(0) = 2. Answer: 𝑦 = 5𝑒6𝑡

2 − 𝑒2𝑡

2 ,

7. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = 3𝑦 + 5𝑒3𝑡 , 𝑦(0) = 2. Answer: 𝑦 = 5𝑒3𝑡𝑡 + 2𝑒3𝑡 .

8. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 + 𝑦 = 2𝑒−𝑡 , 𝑦(0) = 6. Answer: 𝑦 = 2𝑒−𝑡𝑡 + 6𝑒−𝑡 .

9. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 2𝑦 = 2 sin(2𝑡), 𝑦(0) = 1. Answer: 𝑦 = 3𝑒2𝑡

2 − 1
2 sin(2𝑡) −

1
2 cos(2𝑡).

10. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 + 2𝑦 = 2 sin(2𝑡) − cos(2𝑡), 𝑦(0) = 0. Answer: 𝑦 =

3𝑒−2𝑡

4 + 1
4 sin(2𝑡) − 3

4 cos(2𝑡).

11. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = 𝑦 + 4𝑡2, 𝑦(0) = 3. Answer: 𝑦 = −4𝑡2 − 8𝑡 + 11𝑒 𝑡 − 8.

12. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = 2𝑦 + 𝑒2𝑡 + 4𝑡2, 𝑦(0) = 0. Answer: 𝑦 = −2𝑡2 + 𝑒2𝑡𝑡 −
2𝑡 + 𝑒2𝑡 − 1.
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CHAPTER 12

The Laplace transform: shifts and
impulses

This chapter considers differential equations involving the Heaviside function or the Dirac delta
function.

12.1 The Heaviside function and its Laplace transform

The Heaviside function is the piecewise function given by

𝑢𝑎(𝑡) =
{

1 if 𝑡 ≥ 𝑎

0 if 𝑡 < 𝑎

Here, 𝑎 is a positive real number. Figure 12.1 shows the graph of the function 𝑢6(𝑡).

2 4 6 8 10 12

-1.0

-0.5

0.5

1.0

1.5

2.0

Figure 12.1. Graph of the function 𝑢6(𝑡)

The computation of the Laplace transform of the Heaviside function is relatively easy.

Example 110. The Laplace Transform of the function 𝑢6(𝑡) is given by

ℒ(𝑢6(𝑡)) =
∫ ∞

0
𝑢6(𝑡)e−𝑠𝑡 𝑑𝑡 =

∫ 6

0
𝑢6(𝑡)e−𝑠𝑡 𝑑𝑡 +

∫ ∞

6
𝑢6(𝑡)e−𝑠𝑡 𝑑𝑡 =

∫ ∞

6
e−𝑠𝑡 𝑑𝑡

In the previous computation we have used the fact that the function 𝑢6(𝑡) is zero before 𝑡 = 6
and 1 after 𝑡 = 6. We therefore obtain that
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ℒ(𝑢6(𝑡)) =
∫ ∞

6
e−𝑠𝑡 𝑑𝑡 = e−𝑠𝑡

−𝑠

����𝑡=∞
𝑡=6

= 0 − e−𝑠6
−𝑠 =

e−6𝑠

𝑠

Following the same reasoning that we did for the case 𝑎 = 6, we have that for any 𝑎 > 0: Video↗

ℒ(𝑢𝑎(𝑡)) =
e−𝑠𝑎
𝑠

12.1.1 𝑢𝑎 shifting of 𝑓

When dealing with the Heaviside function, very often we need to get familiar with the following
transformation/translation: Video↗

Given 𝑎 > 0 we consider the following transformations.

𝑓 (𝑡) −→ 𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎) or 𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎) −→ 𝑓 (𝑡)

We will call the function 𝑓 (𝑡) the original function and the function 𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎) the
𝑢𝑎-shifted function.

An example of 𝑢𝑎-shifting Video↗ Some examples of this transformation are: If 𝑎 = 1 and
𝑓 (𝑡) = 6− 𝑡2 then the corresponding 𝑢1-shifted function is 𝑢1(𝑡)(6−(𝑡−1)2). If the shifted function
is 𝑢2(𝑡) sin(𝑡 − 2), then the original function is 𝑓 (𝑡) = sin(𝑡). Figure 12.2 shows all four functions.

2 4 6 8 10 12 14

-1.5

-1.0

-0.5

0.5

1.0

1.5

1 2 3 4

-2

2

4

6

Figure 12.2. On the left we show in red the function 𝑓 (𝑡) = sin(𝑡) and in blue its 𝑢2 shifting 𝑢2(𝑡) sin(𝑡 − 2).
On the right we show in red the function 𝑓 (𝑡) = 6 − 𝑡2 and in blue its 𝑢1 shifting 𝑢1(𝑡)(6 − (𝑡 − 1)2).

The following theorem allows us to compute the Laplace transform of 𝑢𝑎 shifted functions.
The proof of this theorem can be found at Video↗

Theorem 17.
ℒ(𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎)) = e−𝑎𝑠ℒ( 𝑓 (𝑡))

Video showing some applications of this theorem Video↗

Proof. Using the definition we have that
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ℒ(𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎)) =
∫ ∞

0
𝑢𝑎(𝑡) 𝑓 (𝑡 − 𝑎)e−𝑠𝑡 𝑑𝑡 =

∫ ∞

𝑎

𝑓 (𝑡 − 𝑎)e−𝑠𝑡 𝑑𝑡

By doing the substitution 𝜏 = 𝑡 − 𝑎 we obtain that 𝑑𝜏 = 𝑑𝑡, 𝜏 = 0 when 𝑡 = 𝑎 and 𝜏 = ∞ when
𝑡 = ∞. Therefore∫ ∞

𝑎

𝑓 (𝑡 − 𝑎)e−𝑠𝑡 𝑑𝑡 =
∫ ∞

0
𝑓 (𝜏)e−𝑠(𝜏+𝑎) 𝑑𝜏 = e−𝑠𝑎

∫ ∞

0
𝑓 (𝜏)e−𝑠𝜏 𝑑𝜏 = e−𝑠𝑎ℒ( 𝑓 (𝑡))

The previous theorem states that in order to compute the Laplace transform of the 𝑢𝑎-shifting
of the function 𝑓 (𝑡), we need to compute the Laplace transform of the original function 𝑓 (𝑡) and
then multiply it by e−𝑎𝑠 .

Example 111. Timestamp 1:03 Video↗ Notice that the formula ℒ(𝑢𝑎(𝑡)) = e−𝑎𝑠
𝑠 is a consequence

of the previous theorem. Taking 𝑓 (𝑡) = 1 we have that its 𝑢𝑎 shifting is 𝑢𝑎(𝑡) and therefore

ℒ(𝑢𝑎(𝑡)) = e−𝑎𝑠ℒ(1) = e−𝑎𝑠 1
𝑠
=

e−𝑎𝑠
𝑠

Example 112. Timestamp 3:50 Video↗ In order to compute ℒ(𝑢2(𝑡)(𝑡 − 2)) we notice that the 𝑢2
shifting of 𝑓 (𝑡) = 𝑡 is 𝑢2(𝑡)(𝑡 − 2), therefore,

ℒ(𝑢2(𝑡)(𝑡 − 2))) = e−2𝑠ℒ(𝑡) = e−2𝑠 1
𝑠2 =

e−2𝑠

𝑠2

Example 113. Timestamp 2:10 Video↗ In order to compute ℒ(𝑢4(𝑡)e𝑡−4) we notice that the 𝑢4
shifting of 𝑓 (𝑡) = e𝑡 is 𝑢4(𝑡)e𝑡−4, therefore

ℒ(𝑢4(𝑡)e𝑡−4) = e−4𝑠ℒ(𝑒 𝑡) = e−4𝑠 1
𝑠 − 1 =

e−4𝑠

𝑠 − 1

Example 114. Timestamp 5:22 Video↗ In order to compute ℒ(6𝑢3(𝑡) sin(2(𝑡 − 3))) we notice that
the 𝑢3 shifting of 𝑓 (𝑡) = 6 sin(2𝑡) is 6𝑢3(𝑡) sin(2(𝑡 − 3)), therefore

ℒ(6𝑢3(𝑡) sin(2(𝑡 − 3))) = e−3𝑠ℒ(6 sin(2𝑡)) = e−3𝑠 12
𝑠2 + 4

=
12e−3𝑠

𝑠2 + 4

Now let us solve a differential equation that involves the Heaviside function.

Example 115. Timestamp 7:25 Video↗ and Video↗ Let us consider the initial value problem
𝑑𝑦

𝑑𝑡 + 2𝑦 = 6𝑢3(𝑡)e4(𝑡−3) with 𝑦(0) = 1. In order to solve this problem using the Laplace transform
we take the Laplace transform on both sides of the equation and get

𝑠ℒ(𝑦) − 1 + 2ℒ(𝑦) = 6e−3𝑠 1
𝑠 − 4

and solving for ℒ(𝑦) we get,

ℒ(𝑦) = 1
𝑠 + 2 + e−3𝑠 6

(𝑠 + 2)(𝑠 − 4)
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Here, the advice is not to combine the part that has e−𝑎𝑠 with the part that does not have it. We
now need to compute the inverse Laplace transform of both parts. We have that

6
(𝑠 + 2)(𝑠 − 4) =

𝐴

𝑠 + 2 + 𝐵

𝑠 − 4 =
𝐴(𝑠 − 4) + 𝐵(𝑠 + 2)

(𝑠 + 2)(𝑠 − 4)

𝐴 and 𝐵 must satisfy the equations 𝐴 + 𝐵 = 0 and 2𝐵 − 4𝐴 = 6. The solution is 𝐴 = −1 and
𝐵 = 1. Therefore,

6
(𝑠 + 2)(𝑠 − 4) = − 1

𝑠 + 2 + 1
𝑠 − 4 = ℒ(e4𝑡 − e−2𝑡)

Since the 𝑢3 shifting of e4𝑡 − e−2𝑡 is the function 𝑢3(𝑡)
(
e4(𝑡−3) − e−2(𝑡−3)) , then we have that

ℒ(𝑦) = ℒ(e−2𝑡) + e−3𝑠 ℒ(e4𝑡 − e−2𝑡) = ℒ
(
e−2𝑡 + 𝑢3(𝑡)

(
e4(𝑡−3) − e−2(𝑡−3)

))
Therefore 𝑦 = e−2𝑡 + 𝑢3(𝑡)

(
e4(𝑡−3) − e−2(𝑡−3)

)
.

Example 116. Video↗ To solve the initial value problem 𝑑𝑦

𝑑𝑡 − 5𝑦 = 4𝑢2(𝑡)e5(𝑡−2) with 𝑦(0) = 9 we
take the Laplace transform on both sides of the equation and we get

𝑠ℒ(𝑦) − 9 − 5ℒ(𝑦) = 4e−2𝑠 1
𝑠 − 5

and solving for ℒ(𝑦) we get,

ℒ(𝑦) = 9
𝑠 − 5 + e−2𝑠 4

(𝑠 − 5)2 = ℒ
(
9e5𝑡 + 4𝑢2(𝑡)(𝑡 − 2)e5(𝑡−2)

)
We have used the fact that ℒ(𝑡e5𝑡) = 1

(𝑠−5)2 , then ℒ
(
𝑢2(𝑡)(𝑡 − 2)e5(𝑡−2)) = e−2𝑠 1

(𝑠−5)2 . Therefore

𝑦 = 9e5𝑡 + 4𝑢2(𝑡)(𝑡 − 2)e5(𝑡−2) .

Example 117. Video↗ Let us consider the initial value problem 𝑑𝑦

𝑑𝑡 + 3𝑦 = 2𝑢4(𝑡)(2 + 3𝑡) with
𝑦(0) = −6. Notice that

2 + 3𝑡 = 2 + 3(𝑡 − 4) + 12 = 14 + 3(𝑡 − 4)

We have rewritten 2+3𝑡 so we can see that 𝑢4(𝑡) (2 + 3𝑡) is the 𝑢4 shifting of the function 14+3𝑡.
Now taking the Laplace transform on both sides of the equation we get

𝑠ℒ(𝑦) + 6 + 3ℒ(𝑦) = 2e−4𝑠
(
14
𝑠

+ 3
𝑠2

)
= e−4𝑠 28𝑠 + 6

𝑠2

and solving for ℒ(𝑦) we get,

ℒ(𝑦) = − 6
𝑠 + 3 + e−4𝑠 28𝑠 + 6

(𝑠 + 3)𝑠2
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We have that

28𝑠 + 6
(𝑠 + 3)𝑠2 =

𝐴

𝑠 + 3 + 𝐵

𝑠
+ 𝐶

𝑠2 =
𝐴𝑠2 + 𝐵𝑠(𝑠 + 3) + 𝐶(𝑠 + 3)

(𝑠 + 3)𝑠2

𝐴, 𝐵 and 𝐶 must satisfy the equations 𝐴 + 𝐵 = 0, 3𝐵 + 𝐶 = 28 and 3𝐶 = 6. The solution is
𝐴 = −26

3 , 𝐵 = 26
3 and 𝐶 = 2. Therefore,

28𝑠 + 6
(𝑠 + 3)𝑠2 = −

26
3

𝑠 + 3 +
26
3
𝑠

+ 2
𝑠2 = ℒ

(
−26

3 e−3𝑡 + 26
3 + 2𝑡

)
ℒ(𝑦) = ℒ

(
−6e−3𝑡 ) + e−4𝑠 ℒ

(
−26

3 e−3𝑡 + 26
3 + 2𝑡

)
= ℒ

(
−6e−3𝑡 + 𝑢4(𝑡)

(
−26

3 e−3(𝑡−4) + 26
3 + 2(𝑡 − 4)

))
Therefore 𝑦 = −6e−3𝑡 + 𝑢4(𝑡)

(
−26

3 e−3(𝑡−4) + 2
3 + 2𝑡

)
Example 118. Video↗ Let us consider the initial value problem 𝑑𝑦

𝑑𝑡 − 𝑦 = 4𝑢2(𝑡) sin(3(𝑡 − 2)) with
𝑦(0) = 7. Taking the Laplace transform on both sides of the equation we get

𝑠ℒ(𝑦) − 7 −ℒ(𝑦) = 4e−2𝑠 3
𝑠2 + 9

and solving for ℒ(𝑦) we get,

ℒ(𝑦) = 7
𝑠 − 1 + e−2𝑠 12

(𝑠2 + 9)(𝑠 − 1)
We have that

12
(𝑠2 + 9)(𝑠 − 1) =

𝐴

𝑠 − 1 + 𝐵𝑠 + 𝐶

𝑠2 + 9
=

𝐴(𝑠2 + 9) + (𝐵𝑠 + 𝐶)(𝑠 − 1)
(𝑠 − 1)(𝑠2 + 9)

𝐴, 𝐵 and 𝐶 must satisfy the equations 𝐴 + 𝐵 = 0, 𝐶 − 𝐵 = 0 and 9𝐴 − 𝐶 = 12. The solution is
𝐴 = 6

5 , 𝐵 = − 6
5 and 𝐶 = − 6

5 . Therefore,

12
(𝑠2 + 9)(𝑠 − 1) =

6
5

𝑠 − 1 − 6
5
𝑠 + 1
𝑠2 + 9

= ℒ
(
6
5e𝑡 − 6

5 cos(3𝑡) − 6
5 × 1

3 sin(3𝑡)
)

ℒ(𝑦) = ℒ
(
7e𝑡

)
+ e−2𝑠 ℒ

(
6
5e𝑡 − 6

5 cos(3𝑡) − 2
5 sin(3𝑡)

)
= ℒ

(
7e𝑡 + 𝑢2(𝑡)

(
6
5e𝑡−2 − 6

5 cos(3(𝑡 − 2)) − 2
5 sin(3(𝑡 − 2))

))
Therefore 𝑦 = 7e𝑡 + 𝑢2(𝑡)

(
6
5e𝑡−2 − 6

5 cos(3(𝑡 − 2)) − 2
5 sin(3(𝑡 − 2))

)
.
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12.2 The Dirac delta function

Video companion

The impulse function and its Laplace transform
Watch the explanation of the Dirac delta and its use in solving a differential equation.

Let us start by stating that the Dirac delta function is not a function; it is a generalized function
or a distribution. To understand this notion let us explain how piecewise functions defined on a
bounded interval can be viewed as generalized functions. Let us take the piecewise function

𝑓 (𝑡) =
{
𝑡 if |𝑡| ≤ 2
0 if |𝑡| > 2

. It is clear that 𝑓 (𝑡) is a function. In order to see 𝑓 (𝑡) as a generalized

function or a distribution we need to see 𝑓 (𝑡) as a transformation 𝑇𝑓 that takes any smooth
function 𝑔 into a number. 𝑇𝑓 is defined as

𝑇𝑓 (𝑔) =
∫ ∞

−∞
𝑓 (𝑡)𝑔(𝑡) 𝑑𝑡

For example, if 𝑔(𝑡) = 𝑡, 𝑇𝑓 (𝑔) =
∫ ∞
−∞ 𝑓 (𝑡)𝑡 𝑑𝑡 =

∫ 2
−2 𝑡

2 𝑑𝑡 = 𝑡3

3

����2
−2

= 16
3 . If 𝑔(𝑡) = cos(𝑡) then

𝑇𝑓 (𝑔) =
∫ ∞
−∞ 𝑓 (𝑡) cos(𝑡) 𝑑𝑡 =

∫ 2
−2 𝑡 cos(𝑡) 𝑑𝑡 = 0. After taking a look at this example, we define a

generalized function as a linear transformation that takes any smooth function into a real number.

Definition 18. For any real number 𝑎, the Dirac delta function 𝛿𝑎 is the generalized function
that takes the smooth function 𝑔(𝑡) into the real number 𝑔(𝑎). Most of the time this property
is written as ∫ ∞

−∞
𝛿𝑎(𝑡)𝑔(𝑡) 𝑑𝑡 = 𝑔(𝑎)

We can see that the sequence of generalized functions coming from the family of piecewise
functions 𝑓1,𝑎 , 𝑓2,𝑎 . . . with,

𝑓𝑛,𝑎(𝑡) =
{
𝑛 if |𝑡 − 𝑎| ≤ 1

2𝑛
0 if |𝑡 − 𝑎| > 1

2𝑛
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Figure 12.3. Graphs of the functions 𝑓1,3, 𝑓2,3, 𝑓3,3 and 𝑓4,3

satisfies that for any smooth function 𝑔(𝑡),
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lim
𝑛→∞

∫ ∞

−∞
𝑓𝑛,𝑎(𝑡)𝑔(𝑡) 𝑑𝑡 = lim

𝑛→∞

∫ 𝑎+ 1
2𝑛

𝑎− 1
2𝑛

𝑛𝑔(𝑡) 𝑑𝑡 = 𝑔(𝑎) =
∫ ∞

−∞
𝛿𝑎(𝑡)𝑔(𝑡) 𝑑𝑡

Due to the previous limit, the Dirac delta function 𝛿𝑎 is usually viewed as the limit of the
functions 𝑓𝑛,𝑎 .

Theorem 18. The Laplace transform of the Dirac Delta function is given by

ℒ(𝛿𝑎) = e−𝑠𝑎

Proof.

ℒ(𝛿𝑎) =
∫ ∞

0
𝛿𝑎(𝑡)e−𝑠𝑡 𝑑𝑡 = e−𝑠𝑎

Example 119. Let us solve the following initial value problem

𝑑𝑦

𝑑𝑡
+ 2𝑦 = 4𝛿3(𝑡) 𝑦(0) = 2

Taking the Laplace transform on both sides of the equation we get that

𝑠ℒ(𝑦) − 2 + 2ℒ(𝑦) = 4e−3𝑠

Therefore,

ℒ(𝑦) = 2
𝑠 + 2 + 4

𝑠 + 2e−3𝑠 = ℒ(2e−2𝑡) + ℒ(4e−2𝑡)e−3𝑠 = ℒ(2e−2𝑡 + 4𝑢3(𝑡)e−2(𝑡−3))

and 𝑦 = 2e−2𝑡 + 4𝑢3(𝑡)e−2(𝑡−3)

Example 120. Let us solve the following initial value problem

𝑑𝑦

𝑑𝑡
− 6𝑦 = 𝑡 + 2𝛿3(𝑡) − 3𝛿5(𝑡) 𝑦(0) = −1

Taking the Laplace transform on both sides of the equation we get that

𝑠ℒ(𝑦) + 1 − 6ℒ(𝑦) = 1
𝑠2 + 2e−3𝑠 − 3e−5𝑠

Therefore,

ℒ(𝑦) = − 1
𝑠 − 6 + 1

𝑠2(𝑠 − 6) +
2

𝑠 − 6e−3𝑠 − 3
𝑠 − 6e−5𝑠 =

−𝑠2 + 1
𝑠2(𝑠 − 6) +

2
𝑠 − 6e−3𝑠 − 3

𝑠 − 6e−5𝑠

But we have that
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− 1
𝑠 − 6 + 1

𝑠2(𝑠 − 6) =
−𝑠2 + 1
𝑠2(𝑠 − 6) =

𝐴

𝑠
+ 𝐵

𝑠2 + 𝐶

𝑠 − 6 =
𝐴𝑠(𝑠 − 6) + 𝐵(𝑠 − 6) + 𝐶𝑠2

𝑠2(𝑠 − 6)

Therefore 𝐴, 𝐵 and 𝐶 satisfy 𝐴 + 𝐶 = −1, 𝐵 − 6𝐴 = 0 and −6𝐵 = 1. The solution of the system
is 𝐴 = − 1

36 , 𝐵 = − 1
6 and 𝐶 = −35

36 . Therefore,

ℒ(𝑦) = ℒ(− 1
36 − 𝑡

6 − 35
36e6𝑡) + ℒ(2e6𝑡)e−3𝑠 −ℒ(3e6𝑡)e−5𝑠

and 𝑦 = − 1
36 − 𝑡

6 − 35
36e6𝑡 + 2𝑢3(𝑡)e6(𝑡−3) − 3𝑢5(𝑡)e6(𝑡−5)

12.3 Convolution of two functions

Video companion

Watch: Convolution of two functions
https://youtu.be/Ubal2dZOnLc

Follow the definition and a worked example of convolution, together with its relationship to the
product of Laplace transforms.

Let us assume that ℒ( 𝑓 (𝑡)) = 𝐹(𝑠) and ℒ(𝑔(𝑡)) = 𝐺(𝑠). It is natural to wonder what function
ℎ(𝑡) satisfies that ℒ(ℎ(𝑡)) = 𝐹(𝑠)𝐺(𝑠). This question can be rephrased as follows: Can we find
ℒ−1(𝐹(𝑠)𝐺(𝑠)) in terms of ℒ−1(𝐹(𝑠)) and ℒ−1(𝐺(𝑠))? The answer to this question is given by the
convolution of two functions. Here is the definition

Definition 19. Given two functions 𝑓 (𝑡) and 𝑔(𝑡), we define the convolution of 𝑓 and 𝑔 as
the function

𝑓 ∗ 𝑔(𝑡) =
∫ 𝑡

0
𝑓 (𝑡 − 𝑢)𝑔(𝑢)𝑑𝑢

As mentioned at the beginning of this section, the convolution of two functions relates to the
Laplace transform.

Theorem 19. Given two functions 𝑓 (𝑡) and 𝑔(𝑡), we have that 𝑓 ∗ 𝑔(𝑡) = 𝑔 ∗ 𝑓 (𝑡) and

ℒ( 𝑓 ∗ 𝑔(𝑡)) = ℒ( 𝑓 (𝑡))ℒ(𝑔(𝑡))

Example 121. If 𝑔(𝑡) = sin(𝜔𝑡) and 𝑓 (𝑡) = 1, then

𝑓 ∗ 𝑔(𝑡) =
∫ 𝑡

0
1 sin(𝜔𝑢) 𝑑𝑢 = − 1

𝜔
cos(𝜔𝑢)

����𝑡
0
=

1 − cos(𝜔𝑡)
𝜔

Notice how Theorem 19 holds true for these two functions. We have that ℒ( 𝑓 ∗ 𝑔(𝑡)) equals
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ℒ(1 − cos(𝜔𝑡)
𝜔

) = 1
𝜔𝑠

− 𝑠

𝜔(𝑠2 + 𝜔2) =
𝜔

𝑠(𝑠2 + 𝜔2) =
1
𝑠

𝜔

𝑠2 + 𝜔2 = ℒ(1)ℒ(sin(𝜔𝑡))

Example 122. If 𝑔(𝑡) = e3𝑡 and 𝑓 (𝑡) = 𝑡, then

𝑓 ∗ 𝑔(𝑡) =
∫ 𝑡

0
(𝑡 − 𝑢)e3𝑢 𝑑𝑢 =

∫ 𝑡

0
𝑡e3𝑢 𝑑𝑢 −

∫ 𝑡

0
𝑢e3𝑢 𝑑𝑢 =

𝑡

3 e3𝑢
����𝑢=𝑡
𝑢=0

−
∫ 𝑡

0
𝑢e3𝑢 𝑑𝑢

Doing integration by parts we have that∫ 𝑡

0
𝑢e3𝑢 𝑑𝑢 = 𝑢

e3𝑢

3

����𝑢=𝑡
𝑢=0

− 1
3

∫ 𝑡

0
e3𝑢 =

𝑡e3𝑡

3 − 1
9e3𝑢

����𝑢=𝑡
𝑢=0

=
𝑡e3𝑡

3 − 1
9e3𝑡 + 1

9

Therefore,

𝑓 ∗ 𝑔(𝑡) = 𝑡

3 e3𝑢
����𝑢=𝑡
𝑢=0

−
(
𝑡e3𝑡

3 − 1
9e3𝑡 + 1

9

)
= − 𝑡

3 + e3𝑡

9 − 1
9

Notice how Theorem 19 holds true for these two functions. We have that ℒ( 𝑓 ∗ 𝑔(𝑡)) equals

ℒ(− 𝑡

3 + e3𝑡

9 − 1
9 ) = − 1

3𝑠2 + 1
9(𝑠 − 3) −

1
9𝑠 =

1
𝑠2(𝑠 − 3) = ℒ(𝑡)ℒ(e3𝑡)

Example 123. If 𝑔(𝑡) = e2𝑡 and 𝑓 (𝑡) = 3, then

𝑓 ∗ 𝑔(𝑡) =
∫ 𝑡

0
3e2𝑢 𝑑𝑢 =

3
2e2𝑢

����𝑡
0
=

3
2e2𝑡 − 3

2

Notice how Theorem 19 holds true for these two functions. We have that ℒ( 𝑓 ∗ 𝑔(𝑡)) equals

ℒ(32e2𝑡 − 3
2 ) =

3
2(𝑠 − 2) −

3
2𝑠 =

3
𝑠(𝑠 − 2) = ℒ(3)ℒ(e2𝑡)

12.4 Homework

Solving for the Laplace transform

Try the app

Practice first-order Laplace transforms
Practice with separate answer boxes for the part without an exponential and for each exponential
factor. Hints and worked solutions are available.

For Problems 1–8, take the Laplace transform on both sides of the differential equation and
solve for ℒ(𝑦). Stop after finding ℒ(𝑦); do not use partial fractions or compute the inverse
Laplace transform. Keep terms with different exponential factors separate.
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1. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 + 5𝑦 = 7𝑢2(𝑡), 𝑦(0) = −3. Answer:

ℒ(𝑦) = − 3
𝑠 + 5 + e−2𝑠 7

𝑠(𝑠 + 5) .

2. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 − 3𝑦 = 4𝑢1(𝑡)e3(𝑡−1) + 5𝑢4(𝑡)e−2(𝑡−4), 𝑦(0) = 2. Answer:

ℒ(𝑦) = 2
𝑠 − 3 + e−𝑠 4

(𝑠 − 3)2 + e−4𝑠 5
(𝑠 + 2)(𝑠 − 3) .

3. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 + 2𝑦 = 3𝑢3(𝑡)(𝑡 − 3)2, 𝑦(0) = 1. Answer:

ℒ(𝑦) = 1
𝑠 + 2 + e−3𝑠 6

𝑠3(𝑠 + 2) .

4. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 − 4𝑦 = 𝑢2(𝑡)(2𝑡2 − 3𝑡 + 5), 𝑦(0) = −2. Answer:

ℒ(𝑦) = − 2
𝑠 − 4 + e−2𝑠

𝑠 − 4

(
7
𝑠
+ 5

𝑠2 + 4
𝑠3

)
.

5. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 + 3𝑦 = 𝑢2(𝑡) (5 sin(4(𝑡 − 2)) − 2 cos(4(𝑡 − 2))), 𝑦(0) = 4. Answer:

ℒ(𝑦) = 4
𝑠 + 3 + e−2𝑠 20 − 2𝑠

(𝑠2 + 16)(𝑠 + 3) .

6. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 − 2𝑦 = 𝑓 (𝑡), 𝑦(0) = 1, where

𝑓 (𝑡) =


0 if 0 ≤ 𝑡 < 1,
3𝑡 + 1 if 1 ≤ 𝑡 < 4,
0 if 𝑡 ≥ 4.

Answer:
ℒ(𝑦) = 1

𝑠 − 2 + e−𝑠
𝑠 − 2

(
4
𝑠
+ 3

𝑠2

)
− e−4𝑠

𝑠 − 2

(
13
𝑠

+ 3
𝑠2

)
.

7. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 + 6𝑦 = 𝑡 + 4𝛿2(𝑡) − 7𝛿5(𝑡), 𝑦(0) = −1. Answer:

ℒ(𝑦) = − 1
𝑠 + 6 + 1

𝑠2(𝑠 + 6) + e−2𝑠 4
𝑠 + 6 − e−5𝑠 7

𝑠 + 6 .

8. Solve for ℒ(𝑦), 𝑑𝑦

𝑑𝑡 − 5𝑦 =
∫ 𝑡

0 (𝑡 − 𝑢) sin(3𝑢) 𝑑𝑢, 𝑦(0) = 2. Use the convolution theorem to
transform the integral. Answer:

ℒ(𝑦) = 2
𝑠 − 5 + 3

𝑠2(𝑠2 + 9)(𝑠 − 5) .
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Solving for 𝑦 and computing convolutions

9. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 4𝑦 = 2𝑢3(𝑡)𝑒4(𝑡−3), 𝑦(0) = −2. Answer: 𝑦 = −2𝑒4𝑡 +
2𝑢3(𝑡)𝑒4(𝑡−3)(𝑡 − 3)

10. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 −𝑦 = 𝑢2(𝑡)3𝑒 𝑡−2, 𝑦(0) = 3. Answer: 𝑦 = 3𝑒 𝑡+3𝑢2(𝑡)𝑒 𝑡−2(𝑡−
2).

11. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 + 𝑦 = 8𝑒3(𝑡−7)𝑢7(𝑡), 𝑦(0) = 3. Answer: 𝑦 = 3𝑒−𝑡 +
2𝑢7(𝑡)

(
𝑒3(𝑡−7) − 𝑒7−𝑡 ) .

12. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 6𝑦 = 4𝑢1(𝑡)𝑒2(𝑡−1), 𝑦(0) = 2. Answer: 𝑦 = 2𝑒6𝑡 −
𝑢1(𝑡)

(
𝑒2(𝑡−1) − 𝑒6(𝑡−1)) .

13. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 4𝑦 = 𝑢4(𝑡)(8𝑡 + 3), 𝑦(0) = 1. Answer: 𝑦 = 𝑒4𝑡 +
𝑢4(𝑡)

(
−2𝑡 + 37

4 𝑒4(𝑡−4) − 5
4
)
.

14. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 2𝑦 = 𝑢1(𝑡)(6𝑡 − 3), 𝑦(0) = 5. Answer: 𝑦 = 5𝑒2𝑡 +
𝑢1(𝑡)

(
3𝑒2(𝑡−1) − 3𝑡

)
.

15. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 3𝑦 = 𝑢2(𝑡)(9𝑡 + 4), 𝑦(0) = 1. Answer: 𝑦 = 𝑒3𝑡 +
𝑢2(𝑡)

(
−3𝑡 + 25

3 𝑒3(𝑡−2) − 7
3
)
.

16. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 3𝑦 = 25𝑢3(𝑡) sin(4(𝑡 − 3)), 𝑦(0) = −2. Answer:
𝑦 = −2𝑒3𝑡 + 𝑢3(𝑡)

(
4𝑒3(𝑡−3) − 3 sin(4(𝑡 − 3)) − 4 cos(4(𝑡 − 3))

)
.

17. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 − 𝑦 = 2 + 3𝑡 + 5𝛿3(𝑡) − 7𝛿5(𝑡), 𝑦(0) = 5. Answer:
𝑦 = −5 + 10e𝑡 − 3𝑡 + 5𝑢3(𝑡)e𝑡−3 − 7𝑢5(𝑡)e𝑡−5.

18. Solve using the Laplace transform, 𝑑𝑦

𝑑𝑡 = 2𝑦 + 3e4𝑡 + 5𝛿3(𝑡), 𝑦(0) = 5. Answer: 𝑦 = 7
2e2𝑡 + 3

2e4𝑡 +
5𝑢3(𝑡)e2(𝑡−3).

19. Compute the convolution ℎ(𝑡) = 𝑓 ∗ 𝑔(𝑡) where 𝑓 (𝑡) = 1 and 𝑔(𝑡) = cos(2𝑡). Check that
ℒ(ℎ(𝑡)) = ℒ(1)ℒ(cos(2𝑡)). Answer ℎ(𝑡) = 1

2 sin(2𝑡). We have that ℒ(ℎ(𝑡)) = 1
2

2
𝑠2+4 = 1

𝑠2+4
which is equal to ℒ(1) = 1

𝑠 times ℒ(cos(2𝑡)) = 𝑠
𝑠2+4

20. Compute the convolution ℎ(𝑡) = 𝑓 ∗𝑔(𝑡)where 𝑓 (𝑡) = 𝑡 and 𝑔(𝑡) = sin(3𝑡). Check thatℒ(ℎ(𝑡)) =
ℒ( 𝑓 (𝑡))ℒ(𝑔(𝑡)). Answer ℎ(𝑡) = 1

9 (3𝑡 − sin(3𝑡)). We have that ℒ(ℎ(𝑡)) = 1
9

(
3
𝑠2 − 3

𝑠2+9

)
= 3

𝑠2(𝑠2+9)
which is equal to ℒ(𝑡) = 1

𝑠2 times ℒ(sin(3𝑡)) = 3
𝑠2+9
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CHAPTER 13

The Laplace transform:
second-order equations

In this chapter, we solve second-order differential equations using the Laplace transform.

13.1 Solving second order differential equations

Let us start by solving a second order differential equation that involves the Heaviside function

Example 124. Video↗ Let us consider the initial value problem 𝑑2𝑦

𝑑𝑡2 + 6 𝑑𝑦

𝑑𝑡 + 5𝑦 = 8𝑢3(𝑡)e−3(𝑡−3)

with 𝑦(0) = −2 and 𝑦′(0) = 1. Taking the Laplace transform on both sides of the equation we get

𝑠2ℒ(𝑦) + 2𝑠 − 1 + 6(𝑠ℒ(𝑦) + 2) + 5ℒ(𝑦) = 8e−3𝑠 1
𝑠 + 3

and solving for ℒ(𝑦) we get,

ℒ(𝑦) = −2𝑠 − 11
(𝑠2 + 6𝑠 + 5) + e−3𝑠 8

(𝑠 + 3)(𝑠2 + 6𝑠 + 5)

Using the fact that 𝑠2 + 6𝑠 + 5 = (𝑠 + 1)(𝑠 + 5) we obtain that

−2𝑠 − 11
(𝑠2 + 6𝑠 + 5) =

−2𝑠 − 11
(𝑠 + 1)(𝑠 + 5) =

𝐴

𝑠 + 1 + 𝐵

𝑠 + 5 =
𝐴(𝑠 + 5) + 𝐵(𝑠 + 1)

(𝑠 + 1)(𝑠 + 5)

𝐴 and 𝐵 must satisfy the equations 𝐴 + 𝐵 = −2 and 5𝐴 + 𝐵 = −11. The solution is 𝐴 = −9/4
and 𝐵 = 1/4. Therefore,

−2𝑠 − 11
(𝑠2 + 6𝑠 + 5) = − 9/4

𝑠 + 1 + 1/4
𝑠 + 5 = ℒ(14e−5𝑡 − 9

4e−𝑡)

On the other hand we have that

8
(𝑠 + 3)(𝑠2 + 6𝑠 + 5) =

𝐴

𝑠 + 1 + 𝐵

𝑠 + 5 + 𝐶

𝑠 + 3

=
𝐴(𝑠 + 5)(𝑠 + 3) + 𝐵(𝑠 + 1)(𝑠 + 3) + 𝐶(𝑠 + 1)(𝑠 + 5)

(𝑠 + 3)(𝑠 + 1)(𝑠 + 5)

𝐴, 𝐵 and 𝐶 must satisfy 𝐴 + 𝐵 + 𝐶 = 0, 8𝐴 + 4𝐵 + 6𝐶 = 0 and 15𝐴 + 3𝐵 + 5𝐶 = 8. The solution
is 𝐴 = 1, 𝐵 = 1 and 𝐶 = −2. Therefore,

Basic Procedures in Ordinary Differential Equations 107

https://youtu.be/CTHZeAb--6Y


OSCAR PERDOMO

8
(𝑠 + 3)(𝑠2 + 6𝑠 + 5) =

1
𝑠 + 1 + 1

𝑠 + 5 − 2
𝑠 + 3 = ℒ

(
e−𝑡 + e−5𝑡 − 2e−3𝑡 )

and

e−3𝑠 8
(𝑠 + 3)(𝑠2 + 6𝑠 + 5) = ℒ

(
𝑢3(𝑡)

(
e−(𝑡−3) + e−5(𝑡−3) − 2e−3(𝑡−3)

))
Therefore 𝑦 =

1
4e−5𝑡 − 9

4e−𝑡 + 𝑢3(𝑡)
(
e−(𝑡−3) + e−5(𝑡−3) − 2e−3(𝑡−3)

)
The following theorem will allow us to solve a bigger variety of differential equations. Video↗

Theorem 20. If ℒ( 𝑓 (𝑡)) = 𝐹(𝑠), then ℒ(e𝑎𝑡 𝑓 (𝑡)) = 𝐹(𝑠 − 𝑎).

Proof. We have that

ℒ(e𝑎𝑡 𝑓 (𝑡)) =
∫ 𝑡=∞

𝑡=0
e𝑎𝑡 𝑓 (𝑡)e−𝑠𝑡 𝑑𝑡 =

∫ 𝑡=∞

𝑡=0
𝑓 (𝑡)e𝑎𝑡−𝑠𝑡 𝑑𝑡 =

∫ 𝑡=∞

𝑡=0
𝑓 (𝑡)e−(𝑠−𝑎)𝑡 𝑑𝑡 = 𝐹(𝑠 − 𝑎)

As a consequence of the previous theorem we have the following,

Example 125. Timestamp 2:50 Video↗ Since ℒ(cos(𝜔𝑡)) = 𝑠
𝑠2+𝜔2 then we have that

ℒ
(
e𝑎𝑡 cos(𝜔𝑡)

)
=

𝑠 − 𝑎

(𝑠 − 𝑎)2 + 𝜔2

Since ℒ(sin(𝜔𝑡)) = 𝜔
𝑠2+𝜔2 then we have that

ℒ
(
e𝑎𝑡 sin(𝜔𝑡)

)
=

𝜔

(𝑠 − 𝑎)2 + 𝜔2

Since ℒ(𝑡𝑛) = 𝑛!
𝑠𝑛+1 then we have that

ℒ
(
e𝑎𝑡𝑡𝑛

)
=

𝑛!
(𝑠 − 𝑎)𝑛+1

Let us practice some inverse Laplace transforms using the previous formulas. The following
computations require the technique of completing the square. video on completing squares
Video↗.

Example 126. Timestamp 8:15 Video↗ In order to compute ℒ−1( 3𝑠−14
𝑠2+4𝑠+13 ) we first point out that

𝑠2 + 4𝑠 + 13 = 𝑠2 + 4𝑠 + 4 + 9 = (𝑠 + 2)2 + 9

Therefore,
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3𝑠 − 14
𝑠2 + 4𝑠 + 13

=
3(𝑠 + 2) − 6 − 14

(𝑠 + 2)2 + 9
=

3(𝑠 + 2) − 20
(𝑠 + 2)2 + 9

=
3(𝑠 + 2)

(𝑠 + 2)2 + 9
− 20

(𝑠 + 2)2 + 9

=
3(𝑠 + 2)

(𝑠 + 2)2 + 9
− 20

3
3

(𝑠 + 2)2 + 9
= ℒ

(
3e−2𝑡 cos(3𝑡) − 20

3 e−2𝑡 sin(3𝑡)
)

Example 127. In order to compute ℒ−1( −3𝑠+10
𝑠2+6𝑠+14 ) we first point out that

𝑠2 + 6𝑠 + 14 = 𝑠2 + 6𝑠 + 9 + 5 = (𝑠 + 3)2 + 5

Therefore,

−3𝑠 + 10
𝑠2 + 6𝑠 + 14

=
−3𝑠 + 10

(𝑠 + 3)2 + 5
=

−3(𝑠 + 3) + 9 + 10
(𝑠 + 3)2 + 5

=
−3(𝑠 + 3)
(𝑠 + 3)2 + 5

+ 19
(𝑠 + 3)2 + 5

= ℒ
(
−3e−3𝑡 cos(

√
5𝑡) + 19√

5
e−3𝑡 sin(

√
5𝑡)

)
Let us now solve a differential equation that uses arguments similar to the previous two

examples.

Example 128. Video↗ Let us consider the initial value problem 𝑑2𝑦

𝑑𝑡2 −4 𝑑𝑦

𝑑𝑡 +20𝑦 = 64𝑢7(𝑡) sin 2(𝑡 − 7)
with 𝑦(0) = 2 and 𝑦′(0) = 3. Taking the Laplace transform on both sides of the equation, we get

𝑠2ℒ(𝑦) − 2𝑠 − 3 − 4(𝑠ℒ(𝑦) − 2) + 20ℒ(𝑦) = e−7𝑠 128
𝑠2 + 4

Solving for ℒ(𝑦) we obtain

ℒ(𝑦) = 2𝑠 − 5
𝑠2 − 4𝑠 + 20

+ e−7𝑠 128
(𝑠2 + 4)(𝑠2 − 4𝑠 + 20)

We have that

2𝑠 − 5
𝑠2 − 4𝑠 + 20

=
2(𝑠 − 2) − 1
(𝑠 − 2)2 + 16

= 2 𝑠 − 2
(𝑠 − 2)2 + 16

− 1
4

4
(𝑠 − 2)2 + 16

= ℒ
(
e2𝑡(2 cos(4𝑡) − 1

4 sin(4𝑡))
)

On the other hand, we have that

128
(𝑠2 + 4)(𝑠2 − 4𝑠 + 20) =

𝐴𝑠 + 𝐵

𝑠2 − 4𝑠 + 20
+ 𝐶𝑠 + 𝐷

𝑠2 + 4

=
(𝐴𝑠 + 𝐵)(𝑠2 + 4) + (𝐶𝑠 + 𝐷)(𝑠2 − 4𝑠 + 20)

(𝑠2 + 4)(𝑠2 − 4𝑠 + 20)

A direct computation shows that 𝐴, 𝐵, 𝐶 and 𝐷 must satisfy the following system of equations
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
𝐴 + 𝐶 = 0
𝐵 + 𝐷 − 4𝐶 = 0
4𝐴 + 20𝐶 − 4𝐷 = 0
4𝐵 + 20𝐷 = 128

The solution of the system above is 𝐴 = − 8
5 , 𝐵 = 0, 𝐶 = 8

5 and 𝐷 = 32
5 . Therefore,

128
(𝑠2 + 4)(𝑠2 − 4𝑠 + 20) =

− 8
5 𝑠

𝑠2 − 4𝑠 + 20
+

8
5 𝑠 + 32

5
𝑠2 + 4

=
− 8

5 (𝑠 − 2) − 16
5

(𝑠 − 2)2 + 16
+ 8

5
𝑠

𝑠2 + 4
+ 32

5
1

𝑠2 + 4

= −8
5

(𝑠 − 2)
(𝑠 − 2)2 + 16

− 4
5

4
(𝑠 − 2)2 + 16

+ 8
5

𝑠

𝑠2 + 4
+ 16

5
2

𝑠2 + 4

= ℒ
(
e2𝑡

(
−8

5 cos(4𝑡) − 4
5 sin(4𝑡)

)
+ 8

5 cos(2𝑡) + 16
5 sin(2𝑡)

)
Therefore

ℒ(𝑦) = ℒ(e2𝑡(2 cos(4𝑡) − 1
4 sin(4𝑡))) +

e−7𝑠ℒ
(
e2𝑡

(
−8

5 cos(4𝑡) − 4
5 sin(4𝑡)

)
+ 8

5 cos(2𝑡) + 16
5 sin(2𝑡)

)
and

𝑦= e2𝑡(2 cos(4𝑡) − 1
4 sin(4𝑡)) +

𝑢7(𝑡)
(
e2(𝑡−7)

(
−8

5 cos(4(𝑡 − 7)) − 4
5 sin(4(𝑡 − 7))

)
+ 8

5 cos(2(𝑡 − 7)) + 16
5 sin(2(𝑡 − 7))

)
Example 129. Let us consider the initial value problem 𝑑2𝑦

𝑑𝑡2 + 4 𝑑𝑦

𝑑𝑡 + 20𝑦 = 41𝑢3(𝑡)e3(𝑡−3) with
𝑦(0) = 2 and 𝑦′(0) = −4. Taking the Laplace transform on both sides of the equation we get

𝑠2ℒ(𝑦) − 2𝑠 + 4 + 4(𝑠ℒ(𝑦) − 2) + 20ℒ(𝑦) = e−3𝑠 41
𝑠 − 3

Solving for ℒ(𝑦) we obtain

ℒ(𝑦) = 2𝑠 + 4
𝑠2 + 4𝑠 + 20

+ e−3𝑠 41
(𝑠 − 3)(𝑠2 + 4𝑠 + 20)

We have that

2𝑠 + 4
𝑠2 + 4𝑠 + 20

=
2(𝑠 + 2)

(𝑠 + 2)2 + 16
= 2 𝑠 + 2

(𝑠 + 2)2 + 16
= ℒ

(
2e−2𝑡 cos(4𝑡)

)
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On the other hand, we have that

41
(𝑠 − 3)(𝑠2 + 4𝑠 + 20) =

𝐴𝑠 + 𝐵

𝑠2 + 4𝑠 + 20
+ 𝐶

𝑠 − 3 =
(𝐴𝑠 + 𝐵)(𝑠 − 3) + 𝐶(𝑠2 + 4𝑠 + 20)

(𝑠 − 3)(𝑠2 + 4𝑠 + 20)

A direct computation shows that 𝐴, 𝐵 and 𝐶 must satisfy the following system of equations


𝐴 + 𝐶 = 0
𝐵 − 3𝐴 + 4𝐶 = 0
−3𝐵 + 20𝐶 = 41

The solution of the system above is 𝐴 = −1, 𝐵 = −7 and 𝐶 = 1. Therefore,

41
(𝑠 − 3)(𝑠2 + 4𝑠 + 20) =

−𝑠 − 7
𝑠2 + 4𝑠 + 20

+ 1
𝑠 − 3

=
−(𝑠 + 2) + 2 − 7
(𝑠 + 2)2 + 16

+ 1
𝑠 − 3

= − (𝑠 + 2)
(𝑠 + 2)2 + 16

− 5
4

4
(𝑠 + 2)2 + 16

+ 1
𝑠 − 3

= ℒ
(
e−2𝑡

(
− cos(4𝑡) − 5

4 sin(4𝑡)
)
+ e3𝑡

)
Therefore,

ℒ(𝑦) = ℒ(2e−2𝑡 cos(4𝑡)) + e−3𝑠ℒ
(
e3𝑡 − e−2𝑡

(
cos(4𝑡) + 5

4 sin(4𝑡)
))

and

𝑦 = 2e−2𝑡 cos(4𝑡)) + 𝑢3(𝑡)
(
e3(𝑡−3) − e−2(𝑡−3)

(
cos(4(𝑡 − 3)) + 5

4 sin(4(𝑡 − 3))
))
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13.2 Homework

Solving for the Laplace transform

Try the app

Practice second-order Laplace transforms
Practice with separate answer boxes for the part without an exponential and for each exponential
factor. Hints and worked solutions are available.

For Problems 1–8, take the Laplace transform on both sides of the differential equation and
solve for ℒ(𝑦). Stop after finding ℒ(𝑦); do not use partial fractions or compute the inverse
Laplace transform. Keep terms with different exponential factors separate.

1. Solve for ℒ(𝑦), 2 𝑑2𝑦

𝑑𝑡2 + 3 𝑑𝑦

𝑑𝑡 + 7𝑦 = 5𝑢2(𝑡), 𝑦(0) = 1, 𝑦′(0) = −2. Answer:

ℒ(𝑦) = 2𝑠 − 1
2𝑠2 + 3𝑠 + 7

+ e−2𝑠 5
𝑠(2𝑠2 + 3𝑠 + 7) .

2. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 − 3 𝑑𝑦

𝑑𝑡 − 4𝑦 = 7𝑢1(𝑡)e2(𝑡−1), 𝑦(0) = −2, 𝑦′(0) = 3. Answer:

ℒ(𝑦) = −2𝑠 + 9
𝑠2 − 3𝑠 − 4

+ e−𝑠 7
(𝑠 − 2)(𝑠2 − 3𝑠 − 4) .

3. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 + 6 𝑑𝑦

𝑑𝑡 + 9𝑦 = 4𝑢3(𝑡)e−3(𝑡−3), 𝑦(0) = 2, 𝑦′(0) = −1. Answer:

ℒ(𝑦) = 2𝑠 + 11
(𝑠 + 3)2 + e−3𝑠 4

(𝑠 + 3)3 .

4. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 − 2 𝑑𝑦

𝑑𝑡 + 6𝑦 = 3𝑢2(𝑡)(𝑡 − 2)2e4(𝑡−2), 𝑦(0) = 0, 𝑦′(0) = 5. Answer:

ℒ(𝑦) = 5
𝑠2 − 2𝑠 + 6

+ e−2𝑠 6
(𝑠 − 4)3(𝑠2 − 2𝑠 + 6) .

5. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 + 4 𝑑𝑦

𝑑𝑡 + 8𝑦 = 𝑢4(𝑡)(2𝑡2 − 3𝑡 + 1), 𝑦(0) = −1, 𝑦′(0) = 2. Answer:

ℒ(𝑦) = −𝑠 − 2
𝑠2 + 4𝑠 + 8

+ e−4𝑠

𝑠2 + 4𝑠 + 8

(
21
𝑠

+ 13
𝑠2 + 4

𝑠3

)
.

6. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 10𝑦 = 𝑢1(𝑡)e2(𝑡−1) (5 sin(3(𝑡 − 1)) − 2 cos(3(𝑡 − 1))), 𝑦(0) = 3, 𝑦′(0) =
−4. Answer:

ℒ(𝑦) = 3𝑠 + 2
𝑠2 + 2𝑠 + 10

+ e−𝑠 19 − 2𝑠
((𝑠 − 2)2 + 9) (𝑠2 + 2𝑠 + 10) .
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7. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 + 5 𝑑𝑦

𝑑𝑡 + 11𝑦 = 𝑓 (𝑡), 𝑦(0) = 1, 𝑦′(0) = 0, where

𝑓 (𝑡) =


0 if 0 ≤ 𝑡 < 2,
3𝑡 + 1 if 2 ≤ 𝑡 < 5,
0 if 𝑡 ≥ 5.

Answer:

ℒ(𝑦) = 𝑠 + 5
𝑠2 + 5𝑠 + 11

+ e−2𝑠

𝑠2 + 5𝑠 + 11

(
7
𝑠
+ 3

𝑠2

)
− e−5𝑠

𝑠2 + 5𝑠 + 11

(
16
𝑠

+ 3
𝑠2

)
.

8. Solve for ℒ(𝑦), 𝑑2𝑦

𝑑𝑡2 + 9𝑦 = 2 + 4𝑢3(𝑡) + 5𝛿2(𝑡) − 7𝛿6(𝑡), 𝑦(0) = −2, 𝑦′(0) = 1. Answer:

ℒ(𝑦) = −2𝑠2 + 𝑠 + 2
𝑠(𝑠2 + 9) + e−3𝑠 4

𝑠(𝑠2 + 9) + e−2𝑠 5
𝑠2 + 9

− e−6𝑠 7
𝑠2 + 9

.

Solving for 𝑦

9. Solve 𝑑2𝑦

𝑑𝑡2 − 5 𝑑𝑦

𝑑𝑡 + 4𝑦 = 𝑢1(𝑡)6𝑒2(𝑡−1), 𝑦(0) = −2, 𝑦′(0) = 1. Answer:
𝑦 = −3𝑒 𝑡 + 𝑒4𝑡 + 𝑢1(𝑡)

(
2e𝑡−1 − 3e2(𝑡−1) + e4(𝑡−1))

10. Solve 𝑑2𝑦

𝑑𝑡2 − 𝑑𝑦

𝑑𝑡 − 6𝑦 = 𝑢2(𝑡)30𝑒4(𝑡−2), 𝑦(0) = 2, 𝑦′(0) = −2. Answer:

𝑦 = 8𝑒−2𝑡

5 + 2𝑒3𝑡

5 + 𝑢2(𝑡)
(
𝑒−2(𝑡−2) − 6𝑒3(𝑡−2) + 5𝑒4(𝑡−2))

11. Solve 𝑑2𝑦

𝑑𝑡2 − 2 𝑑𝑦

𝑑𝑡 + 5𝑦 = 𝑢1(𝑡)13𝑒−2(𝑡−1), 𝑦(0) = 1, 𝑦′(0) = 3. Answer:
𝑦 = e𝑡 sin(2𝑡) + e𝑡 cos(2𝑡) + 𝑢1(𝑡)

(
e−2(𝑡−1) + 3

2e𝑡−1 sin(2(𝑡 − 1)) − 𝑒 𝑡−1 cos(2(𝑡 − 1))
)

12. Solve 𝑑2𝑦

𝑑𝑡2 + 2 𝑑𝑦

𝑑𝑡 + 5𝑦 = 20𝑢4(𝑡) sin(𝑡 − 4), 𝑦(0) = 1, 𝑦′(0) = −3. Answer:

𝑦 = −e−𝑡 sin(2𝑡) + e−𝑡 cos(2𝑡) +

𝑢4(𝑡)
(
4 sin(𝑡 − 4) − 𝑒−(𝑡−4) sin(2(𝑡 − 4)) − 2 cos(𝑡 − 4) + 2𝑒−(𝑡−4) cos(2(𝑡 − 4))

)
13. Solve 𝑑2𝑦

𝑑𝑡2 + 8 𝑑𝑦

𝑑𝑡 + 17𝑦 = 425𝑢2(𝑡) sin(2(𝑡 − 2)), 𝑦(0) = 6, 𝑦′(0) = 4. Answer:

𝑦 = 28e−4𝑡 sin(𝑡) + 6e−4𝑡 cos(𝑡) +

𝑢2(𝑡)
(
38e−4(𝑡−2) sin(𝑡 − 2) + 13 sin(2(𝑡 − 2)) + 16𝑒−4(𝑡−2) cos(𝑡 − 2) − 16 cos(2(𝑡 − 2))

)
14. Solve 𝑑2𝑦

𝑑𝑡2 + 6 𝑑𝑦

𝑑𝑡 + 10𝑦 = 65𝑢8(𝑡)e5(𝑡−8), 𝑦(0) = 3, 𝑦′(0) = −4. Answer:
𝑦 = 5e−3𝑡 sin(𝑡) + 3e−3𝑡 cos(𝑡) + 𝑢8(𝑡)

(
𝑒5(𝑡−8) − 8𝑒−3(𝑡−8) sin(𝑡 − 8) − 𝑒−3(𝑡−8) cos(𝑡 − 8)

)
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APPENDIX A

Video practice by topic

Use these optional lessons to review prerequisites or get additional practice. The chapter links
return to the relevant explanations in the book. Video descriptions may contain errata or
recording notes; consult those notes when following a worked example.

A.1 Algebra and functions

Review the algebra and function notation used in the opening chapter. Completing the square
also supports the later inverse Laplace-transform examples. Return to the relevant lesson.

Completing the square

Complete the square

Properties of logarithmic functions

Exponential and logarithmic functions

Solving equations that involve log functions

Factoring trinomials

Intervals

Relations and functions

Composition of functions

Inverse of a function

A.2 Lines and slopes

Review lines and slopes as preparation for the tangent-line approximations in Euler’s method.
Return to the relevant lesson.

Slope of a line and its interpretation

Point-slope formula

Graphing a line in the plane

Graphing a line in the plane

Finding the slope of a line using the equation

Linear functions and their graphs
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https://www.youtube.com/watch?v=Z-0XwVsunXs
https://www.youtube.com/watch?v=YM1TBF1OQ00
https://www.youtube.com/watch?v=KNMiALD7R60
https://www.youtube.com/watch?v=0cmnOs3hGv8
https://www.youtube.com/watch?v=mJqN288ws4I
https://www.youtube.com/watch?v=OqtjA9pVAiI
https://www.youtube.com/watch?v=8s1yBsQY0WY
https://www.youtube.com/watch?v=t24MKJtpa2I
https://www.youtube.com/watch?v=f7tpVk4XEjo
https://www.youtube.com/watch?v=tgmhYfIVtOs
https://www.youtube.com/watch?v=8jgDfzCDsYw
https://www.youtube.com/watch?v=iJ3GzOggRiY
https://www.youtube.com/watch?v=q8PHxb2_s4g
https://www.youtube.com/watch?v=RdzhuAOgj3U
https://www.youtube.com/watch?v=OhynX9HsO9g
https://www.youtube.com/watch?v=kN9nri3a6n4


Video practice by topic

A.3 Calculus prerequisites

Review differentiation and integration techniques used throughout the book. Definite and
improper integrals also support the Laplace transform and convolution. Return to the relevant
lesson.

Basic derivatives

The chain rule

Implicit differentiation

The chain rule and the Fundamental Theorem of Calculus

Integration: substitution

Integration by parts: integrating 2 x e^(4x)

Integration by parts: integral of 12 x sin(3 x)

Integration by parts: Integrating arctan(x) and x^3 ln(x)

Integration by parts: Integrating 10 e^(2x) cos(4x)

Integration by parts: integrating 13 e^{-3x} Sin(2x)

Basic integrals using inverse trigonometric functions

Basic integrals using inverse of trigonometric functions

Basic definite integrals

Improper integrals. Integrating 1/x^2 from 1 to infinity and from 0 to 1

Improper integrals: integrating e^(-2x) and 1 over sqrt(x)

A.4 Partial fractions

Practice the algebra needed to rewrite rational functions before taking inverse Laplace transforms.
Return to the relevant lesson.

Partial fractions: integrating 2 x-1 over x (x-1)^2

Partial fractions: integrating a rational function containing an irreducible quadratic factor

Integrating using partial fraction and the notion of irreducible polynomial

Partial fraction: We integrate the function 1 over x^3-x.

Partial fractions: We integrate the function 2x-1 over (x-1)(x+2)

A.5 Trigonometry for complex exponentials and oscillations

Review sine, cosine, identities, angular measure, and oscillation graphs. Return to the relevant
lesson.

Graphing sine and cosine

double angle identities

sum and difference trigonometric identities
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https://www.youtube.com/watch?v=T6JZ306uQqM
https://www.youtube.com/watch?v=TmZguupnl9M
https://www.youtube.com/watch?v=lw4BFZG0WpI
https://www.youtube.com/watch?v=37ZK1TKDzqE
https://www.youtube.com/watch?v=jZzhbj2sqqk
https://www.youtube.com/watch?v=8h-XPiQJ3WE
https://www.youtube.com/watch?v=dBcqQI9AhGY
https://www.youtube.com/watch?v=gAQ-xqsq-SI
https://www.youtube.com/watch?v=ZpLOuD92keg
https://www.youtube.com/watch?v=pECul_ws5p8
https://www.youtube.com/watch?v=P9wYozm39a4
https://www.youtube.com/watch?v=0YQw2pAI4ag
https://www.youtube.com/watch?v=1M8eoOgo0k8
https://www.youtube.com/watch?v=TxCex4TNVLI
https://www.youtube.com/watch?v=NHfjFsBx46s
https://www.youtube.com/watch?v=5e1dAdflmio
https://www.youtube.com/watch?v=CtWEEaMkpdQ
https://www.youtube.com/watch?v=Is_YGvUZF-Q
https://www.youtube.com/watch?v=Wx4J9V9BaLw
https://www.youtube.com/watch?v=u6bCSIvY4Bs
https://www.youtube.com/watch?v=je-0D_01B5U
https://www.youtube.com/watch?v=b5FoTkB52hE
https://www.youtube.com/watch?v=uodf4MZWCu4


OSCAR PERDOMO

Sine and cosine of special angles.

Cosine and sine of special angles

Definition of sine and cosine

The Pythagorean Theorem and the equation of the unit circle

Writing any trigonometric function in terms of another

Pythagorean identities

Converting degrees to radians and radians to degrees

A.6 Linear systems and matrix prerequisites

Review the algebra behind the methods for linear differential systems. Some lessons also contain
broader linear-algebra material. Return to the relevant lesson.

System of equations: Elimination and substitution method

Elimination method on a 2 by 2 system

Solving a 2 by 2 system using substitution

Cramer’s rule for a 2 by 2 system

Determinant of 2 by 2 matrices

Multiplication of a matrix with a vector

Sum and product of matrices

Matrices

Linear combinations

Deciding if a vector is a linear combination of other vectors
The video description contains an erratum or a recording note; read it before using the worked example.

Homogeneous systems

Solution of a system of the form Ax= 0

Linear systems and their Augmented and Coefficient matrices

Definition of solution of a linear system and Equivalence of two linear systems
The video description contains an erratum or a recording note; read it before using the worked example.

Good systems and back substitution.

Echelon form and Reduced Echelon form

Lecture 1: Algebra vs geometry and definition of a linear system

Saving Ink: Augmented Matrix of a system and Row operations
The video description contains an erratum or a recording note; read it before using the worked example.

Diagonalizing a matrix: Example. A 2 by 2 matrix that can be diagonalized and another that cannot.

Eigenvalues: Upper and lower diagonal matrices and 2 by 2 matrices
The video description contains an erratum or a recording note; read it before using the worked example.

Eigenvalues and Eigenspaces
The video description contains an erratum or a recording note; read it before using the worked example.
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https://www.youtube.com/watch?v=KEcoKerGofk
https://www.youtube.com/watch?v=Iym-Es0iVsY
https://www.youtube.com/watch?v=7ycMzMSbRwo
https://www.youtube.com/watch?v=cAz-GIyibww
https://www.youtube.com/watch?v=zk_9mQwa1rY
https://www.youtube.com/watch?v=dalOH_N-Wzo
https://www.youtube.com/watch?v=eR5cmnYJNlA
https://www.youtube.com/watch?v=gUaF6pjeFQk
https://www.youtube.com/watch?v=k6oUboZqV6c
https://www.youtube.com/watch?v=uomNJkeb1sY
https://www.youtube.com/watch?v=r2VZHScHvNQ
https://www.youtube.com/watch?v=7XUeJAC9H64
https://www.youtube.com/watch?v=zzkx7s15_Nw
https://www.youtube.com/watch?v=CiT8WH1e0oo
https://www.youtube.com/watch?v=fmp4IpdyL4s
https://www.youtube.com/watch?v=V50xciEx6qA
https://www.youtube.com/watch?v=CgzfixSTu_E
https://www.youtube.com/watch?v=wc_6ookQ5X4
https://www.youtube.com/watch?v=d3TVsIgzvQg
https://www.youtube.com/watch?v=AWIv7GX1eR8
https://www.youtube.com/watch?v=juvWGu_CvzY
https://www.youtube.com/watch?v=CgNGqIHsSC4
https://www.youtube.com/watch?v=2_k9Ue_66_0
https://www.youtube.com/watch?v=9kDDmQh-JZ8
https://www.youtube.com/watch?v=AW2gR6Ofljs
https://www.youtube.com/watch?v=kWNF8KyuWq8
https://www.youtube.com/watch?v=X-whtlJ3YdM
https://www.youtube.com/watch?v=0eqfcuROhlA
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